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Abstract—Increasing distributed generators (DGs) and flexible
loads (FLs) enable distribution systems to provide both active
and reactive power reserves (P-Q reserves) in supporting the
frequency and voltage regulations of transmission systems. How-
ever, such requirements at the interface between the transmission
system operator (TSO) and distribution system operator (DSO)
affect the distribution system operation security, considering the
uncertainties of DGs and FLs. To exploit the reserve potential
of distribution systems, this paper investigates the voltage-
dependent P-Q reserve capacity (V-PQRC) of such types of
distribution systems. V-PQRC reflects the feasible space of P-
Q reserves that the DSO can provide to the TSO taking the
voltage deviation limit at TSO-DSO interface into consideration,
while ensuring the distribution system operation security under
uncertainties of DGs and FLs. An evaluation method for V-
PQRC at the TSO-DSO interface is proposed. To improve
the robust performance of the evaluation method, the DG
uncertainty is captured by a generalized ambiguity set and the
FL uncertainty is addressed by designing a constrained sliding
mode controller (CSMC). Three objectives are considered in the
evaluation, i.e., P reserve capacity, Q reserve capacity, and the
voltage deviation limit at the TSO-DSO interface. Then, a multi-
objective optimization model integrating the generalized robust
chance-constrained optimization and CSMC (GRCC-CSMC) is
established for V-PQRC evaluation to obtain the Pareto optimal
reserve schemes. Finally, a non-approximated selecting (NAS)
method is proposed to build up a simplified V-PQRC linear
model, which can be convenient to apply in the transmission-
distribution system coordination. Simulation results reveal that
the V-PQRC evaluation method can achieve a good performance
of accuracy and robustness against uncertainties.

Index Terms—Generalized robust chance-constrained opti-
mization, reserve capacity evaluation, sliding mode control,
transmission-distribution system coordination, voltage-dependent
P-Q reserve capacity.
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I. INTRODUCTION

THE increasing penetration of intermittent renewable en-
ergy resources has brought serious challenges to fre-

quency and voltage stability of transmission systems. Since
synchronous generators are gradually replaced by the renew-
able energy resources, the transmission system lacks sufficient
active power reserves (P reserves) and reactive power reserves
(Q reserves) to support frequency and voltage regulations.
Therefore, it is crucial for the transmission system operator
(TSO) to find alternative reserve resources.

Distribution systems integrated with distributed generators
(DGs) and flexible loads (FLs) have a great potential to provide
both P and Q reserves in support of the frequency and voltage
regulations in transmission systems [1], [2]. In this paper,
DGs refer to the distributed renewable energy resources, such
as distributed wind and photovoltaic power generations. The
distribution system operator (DSO) can control the internal
DGs and FLs to change the active and reactive power flows
at the TSO-DSO interface, to equivalently provide localized
P reserves and Q reserves for the transmission system. It
is believed to be more economical than installing additional
energy storage or var devices in transmission systems if DGs
and FLs are controlled properly [3].

In terms of the transmission-distribution (T-D) system coor-
dination, the T-D system coordinated dispatch methods in [4]–
[6] optimize the output power of conventional generators
and DGs in the distribution system, to compensate the P
reserve shortage of the transmission system. In [7], FLs are
aggregated to provide primary frequency regulation reserves
for the transmission system. In [8], the Q reserve capacity of
the Swiss distribution system is evaluated to provide voltage
support for the transmission system. In [9], the optimal reactive
power dispatch is utilized to maximize the reactive power
support of DGs connected in a Germany 110 kV grid for
the transmission grid. In [10], the DG reactive output power
is coordinated with the load tap changers inside distribution
systems to maintain the voltage security of transmission and
distribution systems. In [11], a linear Q reserve capacity
analysis model is proposed to evaluate the reactive power
support potential of radial distribution systems.

From existing publications, P and Q reserves are separately
evaluated and optimized, which may confront the risk of
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resource conflicts. DGs and FLs are the shared resources for
both P and Q reserves. The separate P (or Q) reserve evaluation
result may not be executable due to the limited reserve ability
of DGs and FLs. To avoid such problems, it is necessary to
coordinately evaluate the P-Q reserve capacity (PQRC).

In this regard, [12] defines the upper and lower limits of the
Q reserve as a function of the active exchange power at the
TSO-DSO interface. In [13], the Monte Carlo Simulation is
used to calculate the feasible range of the active and reactive
exchange power at the TSO-DSO interface. In [14], [15], the
P-Q exchange power of the distribution systems at the TSO-
DSO interface is regarded as a 2-dimensional (2-D) polygon
area on the P-Q plane. The concept of the linear weighted sum
method is employed to solve the two-objective optimization
problem. The above publications all assume that the voltage
at the TSO-DSO interface is fixed during the whole dispatch
interval. However, in practice, the voltage at the TSO-DSO
interface will change when the DSO provides the P-Q power
support to TSO or the TSO actions for frequency or voltage
regulations, which will in turn affect the voltage security
inside the distribution system. [16] involves the impact of
voltage deviation at the TSO-DSO interface in evaluating the
reactive power potential of distribution systems, to ensure the
voltage security inside distribution systems. However, only
the Q reserve is investigated in [16]. At present, the PQRC
evaluation considering the voltage deviation at the TSO-DSO
interface is relatively rare.

The uncertainties of DGs and FLs are another challenging
issue for PQRC evaluation. The two-stage robust optimization
method is utilized in [16] to ensure the reliability of evaluation
results for any possible instance of the uncertainty set. To
reduce the computation burden, the one-stage distribution-
ally robust chance-constrained optimization method is utilized
in [17], [18] to ensure the chance constraint to be satisfied for
any distribution in the ambiguity set, by limiting its infimum
probability. Diverse ambiguity sets have been designed based
on moment or metric information, to cover the possible
distributions of uncertainties. A moment-based ambiguity set
with the known mean and covariance matrix is designed in [19]
to capture the distributions of DG and load uncertainties. A
Wasserstein metric-based ambiguity set is modeled in [20]
according to the empirical distribution. A piecewise-linear-
function-based ambiguity set is established in [21] to capture
the uncertainties of sources and loads. In [22], a generalized
ambiguity set is designed to enhance the robustness with
inadequate historical data. The one-stage generalized robust
chance-constrained optimization (GRCC) method is proposed
in [23] to ensure the chance constraints are reliable for any
possible uncertainty captured by the generalized ambiguity set.

Different from above publications that characterize the
uncertainties of different resources by one ambiguity set, [24]
separately handles risks of market-related uncertainties
and solar-related uncertainties. [25] decomposes the high-
dimensional robust optimization problem into a few simple
sub-problems by classifying the uncertainty variables. The
results indicate that separately treating uncertainties according
to their features can achieve a better robust performance.

In this paper, we have investigated the voltage-dependent
P-Q reserve capacity (V-PQRC) evaluation method to exploit
the robust reserve potential of distribution systems at the TSO-
DSO interface. The core features are listed as follows:

1) The concept of V-PQRC is first proposed to extend the
PQRC feasible region into a 3-D feasible space considering
the voltage deviation limit at the TSO-DSO interface, to
ensure that the reserve evaluation can be more reliable and
accurate. By treating the V-PQRC model as a constraint for the
transmission system operation optimization, the TSO is able
to decide the P-Q reserve request to the DSO and the voltage
at the TSO-DSO interface, while simultaneously ensuring the
operation security of the distribution system after providing
P-Q power supports.

2) To enhance the robustness of the V-PQRC evaluation, the
uncertainties of DGs and FLs are separately handled according
to their characteristics. The DG uncertainty is characterized by
a generalized ambiguity set and the FL uncertainty is coped
by designing a constrained sliding mode controller (CSMC).

3) A multi-objective optimization model integrating GRCC
and CSMC (GRCC-CSMC) is established for the V-PQRC
evaluation. Three objectives are included, i.e., P reserve, Q
reserve and the voltage deviation limit at the TSO-DSO
interface. The robustness of the obtained P-Q reserve schemes
is achieved by introducing both the ambiguity set and CSMC
validity constraints into the optimization model.

4) The non-approximated selecting (NAS) method is pro-
posed to build up a simplified V-PQRC linear model with a
significantly reduced complexity, so that the model is easy to
be applied in the practical T-D system coordinated operation.

The rest of this paper is organized as follows. Section II out-
lines the reserve potential of distribution systems. Section III
proposes the approaches to handle DG and FL uncertainties.
Section IV formulates the GRCC-CSMC multi-objective opti-
mization model for the V-PQRC evaluation. The NAS method
is proposed in Section V. In Section VI, simulation results are
demonstrated. Section VII concludes this paper.

II. RESERVE POTENTIAL ANALYSIS OF
DISTRIBUTION SYSTEMS

A. Reserve Feasibility of Distribution Systems

DGs and FLs enable the DSO to provide upward/downward
P reserves and inductive/capacitive Q reserves to the trans-
mission system via the TSO-DSO interface. The feasibility is
discussed based on a typical radial distribution system, shown
in Fig. 1. Upward P reserve (Pres > 0) and inductive Q reserve
(Qres > 0) refer to the ability to increase the active and
reactive exchange power from the TSO respectively.

The bus voltage deviation inside the distribution system,
after providing P or Q power support, is formulated by (1)
and (2), respectively. The maximal P and Q power supports
that the DSO can provide are regarded as the P and Q reserve
capacities. The relationship between reserve capacities and
response power of DGs and FLs are derived from (1)–(2),
expressed by (3) and (4). The voltage deviation at each bus is
limited by (5), for maintaining the voltage security.
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Fig. 1. Illustration of the distribution system with DGs and FLs (each line
section connecting bus i and i+1 has the same resistance R and reactance
X). (a) P reserve (Pres) provision (upward: Pres > 0, downward: Pres < 0).
(b) Q reserve (Qres) provision (inductive: Qres > 0, capacitive: Qres < 0).
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where ∆Vm with superscript p or q are the voltage deviation
at bus m after providing P or Q power support respectively;
∆VPCC is the voltage deviation at the TSO-DSO interface
after the DSO provides P or Q power support; ∆Qp

PCC is the
reactive exchange power deviation at the TSO-DSO interface
due to the P power support; ∆PDG,i and ∆QDG,i with
superscript p or q represent the active and reactive response
power of DGs at bus i to provide P or Q reserves, respectively;

∆PFL,i and ∆QFL,i with superscript p or q represent the
aggregated active and reactive response power of FLs at bus i
to provide P or Q reserves, respectively; ∆Lp

m and ∆Lq
m are

the power loss at bus m, due to the P or Q power support;
∆V m and ∆V m are the lower and upper limit of the voltage
deviation at bus m, respectively.

1) P reserve provision feasibility: it is revealed by (3) that
the P reserve (Pres) is determined by both active and reactive
response power of DGs and FLs. With R/X ratios larger
than 1, the active response power of DGs and FLs assumes the
main role to provide the P reserve. In addition, the influence
of DGs and FLs on Pres is proportional to their electricity
distance from the TSO-DSO interface, that means controlling
the DGs and FLs closer to the TSO-DSO interface can achieve
a larger P reserve.

2) Q reserve provision feasibility: according to (4), the high
R/X ratios also increase the influence of active response
power of DGs and FLs on the Q reserve capacity (Qres).
Controlling the DGs and FLs located as close as possible to the
TSO-DSO interface can achieve a larger Qres than controlling
the resources further from it. It must be mentioned that the
active exchange power should be fixed when the DSO provides
the Q power support, because the V-Q control of transmission
systems does not change the active power state.

3) Influence of ∆VPCC on P and Q reserves: it is implied
by (3)–(4) that Pres and Qres are monotonically increasing
according to the difference in voltage between the TSO-DSO
interface bus and the end bus. According to (5), Pres and
Qres can reach maximum values when the voltage difference
is up to ∆VPCC − ∆V n, and reach minimum values when
the voltage difference is down to ∆VPCC −∆V n. Therefore,
∆VPCC directly influences the feasible range of Pres and
Qres. However, ∆VPCC is unknown for the DSO because it is
usually determined by the TSO. Therefore, it is practical to
consider the voltage deviation limit at the TSO-DSO interface
(∆V ∗PCC) so that the DSO can tolerate the operation security
in the reserve evaluation.

Figure 2 presents an equivalent T-D system studied in this
paper, where an IEEE-33 bus distribution system is connected
to the bus 97 of the IEEE-118 bus transmission system.

B. Challenges for the Reserve Provision

1) Voltage security. According to (1) and (2), the bus voltage
inside the distribution system is determined by ∆VPCC and
the response power at each bus. Moreover, the high R/X
ratios cause the bus voltage to be sensitive to both the active
and reactive response power of DGs and FLs. Therefore, the
voltage security should be satisfied in the reserve evaluation,
with the consideration of ∆V ∗PCC.

2) The uncertainties of DGs and FLs. The DG response
power can be controlled by changing its setpoint. However,
due to its intermittent nature, the DG actual response power
(∆PDG,i) may deviate from the desired value (∆P d

DG,i),
formulated by (6).

∆PDG,i = ∆P d
DG,i + ωDG,i (6)

where the superscript d represents the desired value from the
DSO; ωDG,i is the forecasting error, i.e., DG uncertainty.
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Fig. 2. Illustration of the T-D system.

The DG uncertainty usually comes from the sudden change
of weather. The output power of wind or photovoltaic power
generation will deviate from the setpoint when the wind speed
changes or a cloud moves. It is hard to accurately predict
the sudden change. Such uncertainty may disturb the reserve
evaluation and affect the distribution system operation security.

The FL uncertainty primarily results from the contracted
individuals refusing or interrupting response [26], which will
deviate the FL response power from its desired value. The FLs
connecting to the same bus, such as residential air conditioning
and electric vehicles, are commonly managed together. The
aggregated FL response power at bus i can be expressed by (7).

∆PFL,i =
1

1 + sTFL,i
(∆uFL,i + ωFL,i) (7)

∆P down
FL,i ≤ ∆uFL.i ≤ ∆P up

FL,i (8)

where ∆uFL,i is the control signal for FLs at bus i, which is
bounded by (8) due to the FL response willingness; ∆P down

FL,i

and ∆P up
FL,i are downward and upward limits for ∆uFL,i

respectively; ωFL,i is the aggregated FL uncertainty; TFL,i is
the FL response time, which is a random value affected by the
communication and control links. In practice, the value must
be within the limit from DSO or TSO, such as 4 s used by
California ISO [27].

Since the FL uncertainty of each individual occurs along
the response process, the aggregated FL uncertainty (ωFL,i) is
time changing. As a result, the aggregated FL response power
(∆PFL,i) may fluctuate over the whole dispatch interval, which
threatens the reliability of the reserve evaluation.

3) Resource conflict risk. As mentioned before, the DGs
and FLs are controlled by the DSO to provide both P and Q
reserves. Therefore, it is necessary to coordinately evaluate the
P and Q reserve capacity (PQRC) in practice.

C. Introduction of the V-PQRC

The V-PQRC is introduced in this paper to formulate a
3-D feasible space for PQRC, with the consideration of the
voltage deviation limit (∆V ∗PCC) at the TSO-DSO interface.

Within the feasible space, the DSO can reliably provide
Pres and Qres when the voltage deviation at the TSO-DSO
interface is kept within its limit. After providing the P-Q power
support, the distribution system security constraints (Φ) will
also be satisfied under the uncertainties of DGs and FLs. The
mathematical expression of V-PQRC (Γres) is formulated as:

Γres = {Pres, Qres,∆V
∗
PCC : ∀ωDG,ωFL,

∃x, (x,∆V ∗PCC) ∈ Φ} (9)

where x is the decision variable vector consisting of the de-
sired response power of DGs and FLs for re-dispatching, pro-
viding P reserve and Q reserve, x = [∆P

d,r/p/q
DG ,∆Q

d,r/p/q
DG ,

∆P
d,r/p/q
FL ]; Superscript r represents the re-dispatching pro-

cess, at which the DSO can reset the operating point of DGs
and FLs in advance to preserve more response capacity for P
and Q reserves.

From the aspect of the TSO, the V-PQRC reveals the per-
mitted range of ∆V ∗PCC for the distribution system operation
security, as well as the relationship between ∆V ∗PCC and the
feasible PQRC of the distribution system. It causes the T-
D system coordination to be more efficient, as illustrated in
Fig. 3.

At the beginning of the dispatch interval, the DSO evaluates
and sends the V-PQRC model to the TSO. The V-PQRC
model enables the TSO to utilize the distribution system as
a virtual voltage-dependent P-Q reserve resource at the TSO-
DSO interface. By taking the V-PQRC model as a constraint
in the transmission system operation optimization, the TSO
is able to determine the P-Q reserve requests and the value
of ∆V ∗PCC. Then, the DSO redispatches and allocates the
reserve requests among DGs and FLs. During the interval, if
frequency or voltage regulation problems occur, the TSO can
issue the P or Q power support command to the DSO. The
DSO will control its internal resources to respond to the TSO’s
command, according to the reserve allocation. Therefore, the
transmission system operation can be facilitated by exploiting
the reserve ability of distribution systems.
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According to Fig. 3, the V-PQRC model-based T-D system
coordination can be conducted efficiently without iterative
interaction between TSO and DSO.

D. Outlines for V-PQRC Evaluation

The procedure to evaluate and formulate the V-PQRC model
is outlined in Fig. 4. First, a generalized ambiguity set is
modeled to cover the possible distribution of DG uncertainty.
The CSMC is designed to smooth the influence of aggregated
FL uncertainty on the response of FLs. Then, the GRCC-
CSMC multi-objective optimization model is established for
V-PQRC evaluation and solved by the NSGA-II algorithm.
The DG generalized ambiguity set and the validity constraint
of CSMC are introduced into the optimization as constraints,
so that the obtained Pareto optimal solutions can also achieve
a well robust performance under uncertainties of both DGs
and FLs. Finally, the NAS method is proposed to generate
a V-PQRC linear model to facilitate the transmission system
decision-making.

It should be noted that the resources that have been involved

in the distribution system V-Q control are not considered again
for the V-PQRC evaluation, such as capacitors, SVC/SVG and
OTLC. Thus, the distribution system V-Q control will not be
affected by the P-Q reserve provision for the transmission
system.

III. APPROACHES TO HANDLE THE DG UNCERTAINTY
AND FL UNCERTAINTY

A. Generalized Ambiguity Set for the DG Uncertainty
Since the DG uncertainty cannot be accurately predicted and

the historical data can be inadequate in some circumstances, a
generalized ambiguity set UDG (10) is established to capture
the possible joint distributions of the uncertainty of all avail-
able DGs, depending on the estimated mean vector (θDG) and
the estimated covariance matrix (ΣDG).

UDG =
∫
f(ωDG)dωDG = 1, f(ωDG) ≥ 0

[E(ωDG)− θDG]TΣ−1
DG[E(ωDG)− θDG] ≤ γ1

E[(ωDG − θDG)(ωDG − θDG)T] ≺ γ2ΣDG

(10)
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Fig. 3. Illustration of the V-PQRC model-based T-D interaction.
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Fig. 4. Outline of the V-PQRC evaluation and modelling procedure.
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where f(ωDG) is the joint probability distribution; γ1 and γ2

are parameters reflecting the decision-maker’s confidence in
the empirical estimates θDG, ΣDG respectively, γ1 ≥ 0 and
γ2 ≥ 1.

The generalized ambiguity set can be considered as a gen-
eralization form of many moment-based ambiguity sets [22].
It has been proved to be effectively conservative and robust in
the case of inadequate historical data [17].

When there is enough historical data, the generalized am-
biguity set can be less conservative by changing γ1, γ2, θDG,
ΣDG, or strengthening inner constraints [23]. In both cases,
the proposed V-PQRC evaluation method can still be valid.

B. Constrained Sliding Mode Controller for the FL Uncer-
tainty

It is possible to smooth the aggregated FL uncertainty
(ωFL,i) at bus i within the aggregation. For instance, if one
FL suddenly stops responding, another available FL can be
controlled to respond as a substitute, so that the aggregated
response power (∆PFL,i) will not be obviously disturbed.

Inspired by our previous study in [26], a constrained sliding
mode controller (CSMC) is designed to drive the aggregated
response power to track the desired value ∆P d

FL,i, by using
the control signal (∆uFL,i) constrained via (8) as the input.

The response error is chosen as the sliding variable sFL,i:

sFL,i = ∆PFL,i −∆P d
FL,i (11)

According to (11), ∆PFL,i will not be influenced by the
FL uncertainty when the sliding surface sFL,i = 0 is reached.
Based on (7) and (11), a power function-based sliding mode
control law is designed to make the sliding surface reachable:

∆uFL,i = ∆P d
FL,i − kFL,i|sFL,i|1/2 sgn(sFL,i) (12)

where kFL,i is a pre-determined positive constant; the function
sgn(sFL,i) is formulated as:

sgn(sFL,i) =


1, sFL,i > 0

0, sFL,i = 0

−1, sFL,i < 0

Since the control signal ∆uFL,i is constrained by (8), the
CSMC is valid only if the reachability of the sliding surface
is ensured under this constraint. So, theorem 1 for CSMC is
proposed to ensure the validity of CSMC.
Theorem 1. if ∆uFL,i is bounded by (8) and ‖ωFL,i‖ ≤
ωFL,i exists, where ωFL,i is a pre-known positive constant,
the sliding surface can be reached in finite time under the
sliding control law (12), when ∆P d

FL,i is constrained by:

∆P down
FL,i + ω̄FL,i ≤ ∆P d

FL,i ≤ ∆P up
FL,i − ω̄FL,i (13)

Theorem 1 is proved by the Lyapunov method [28]–[30],
which is discussed in Appendix A. The aggregated FL re-
sponse power under CSMC is illustrated by Fig. 5.

It is clear that the aggregated response power can track the
desired value when the constraint (13) is met, and fails when
the constraint is broken. Therefore, the robustness of the V-
PQRC evaluation under the FL uncertainty can be enhanced

0

Without CSMC

∆PFL,i
∆Pup

FL,i

∆Pd
FL,i

∆Pdown
FL,i

∆Pd
FL,i = ∆Pup

FL,i

∆Pdown
FL,i + ωFL,i ≤ ∆Pd

FL,i ≤ ∆Pup
FL,i − ωFL,i

∆Pd
FL,i = ∆Pdown

FL,i

Fig. 5. Illustration of the aggregated FL response power under CSMC.

by using the CSMC and satisfying the CSMC validity con-
straint (13).

The control signal (∆uFL,i) can be allocated to individuals
via centralized or decentralized approaches [31], [32]. Since
it is not the focus in this paper, the allocation is not further
studied here.

IV. MULTI-OBJECTIVE OPTIMIZATION MODEL
INTEGRATING GRCC AND CSMC FOR V-PQRC

EVALUATION

A. Objectives

In the V-PQRC evaluation, we are concerned with three
objectives: 1) how much upward or downward P reserve can
be provided, formulated by (14); 2) how much inductive or
capacitive Q reserve can be provided in addition to the P
reserves, formulated by (15); 3) the voltage deviation limit at
the TSO-DSO interface for the distribution system operation
security, formulated by (16).

1) P reserve capacity objective F1

maxF1 = η1Pres (14)

where η1 is a constant value 1 or −1, to represent the upward
P reserve or downward P reserve, respectively.

2) Reactive power reserve capacity objective F2

maxF2 = η2Qres (15)

where η2 is a constant value 1 or −1, to represent the inductive
Q reserve or capacitive Q reserve, respectively.

3) Voltage deviation limit F3 at TSO-DSO interface

maxF3 = η3∆V ∗PCC (16)

where η3 is a constant value 1 or −1, to represent the upper or
lower limit of the voltage deviation at the TSO-DSO interface
for the system operation security, respectively.

Considering that the market mechanisms for the P-Q reserve
services of distribution systems are not yet mature, the market-
related and cost-related elements are not considered in the
above objectives. However, the V-PQRC evaluation method is
still valid when further considering these elements.
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B. Deterministic Constraints

1) Linearized Power Flow Constraints
The power flow model is linearized around the initial

operation point at the beginning of the dispatch interval, based
on the sensitivities of state variables (voltage, P reserve, Q
reserve, etc.) regarding the decision variables x and ∆V ∗PCC.

The linearized power flow models of the distribution system
for re-dispatching, providing P and Q reserves are formulated
by (17)–(20). The TSO-DSO interface is assumed as the
slack bus for the calculation request. Moreover, ∆V ∗PCC is
considered when calculating the bus voltage deviation due to
the P or Q power support for TSO, formulated as (18).

∆V r = SV−P

[
−∆P d,r

DG

∆P d,r
FL

]
+ SV−Q

[
−∆Qd,r

DG

cotϕ ·∆P d,r
FL

]
(17)

∆V p/q = SV−P

[
−∆P

d,p/q
DG

∆P
d,p/q
FL

]
+ SV−Q

[
−∆Q

d,p/q
DG

cotϕ ·∆P d,p/q
FL

]
+ SV−V∆V ∗PCC (18)

∆P
r/p/q
PCC = ST

P−P

[
−∆P

d,r/p/q
DG

∆P
d,r/p/q
FL

]

+ ST
P−Q

[
−∆Q

d,r/p/q
DG

cotϕ ·∆P d,r/p/q
FL

]
(19)

∆Q
r/p/q
PCC = ST

Q−P

[
−∆P

d,r/p/q
DG

∆P
d,r/p/q
FL

]

+ ST
Q−Q

[
−∆Q

d,r/p/q
DG

cotϕ ·∆P d,r/p/q
FL

]
(20)

where ∆V with superscript r, p/q are the bus voltage deviation
vectors caused by the re-dispatching, P/Q power support
respectively; ∆PPCC and ∆QPCC with superscript r, p/q are
the active and reactive exchange power deviation caused by re-
dispatching, P/Q power support, respectively; SV−P, SP−P,
SQ−P are the voltage sensitivity matrix, active exchange
power sensitivity vector, reactive exchange power sensitivity
vector around the active power load at each bus, respectively;
SV−Q, SP−Q, SP−Q are the voltage sensitivity matrix, active
exchange power sensitivity vector, reactive exchange power
sensitivity vector around the reactive power load at each bus,
respectively; SV−V is the voltage sensitivity vector around the
voltage at the TSO-DSO interface; ϕ is the power factor angle
vector of FLs.

The P reserve capacity (Pres) and Q reserve capacity (Qres)
are equivalent to ∆P p

PCC and ∆P q
PCC, respectively. Consid-

ering that the active exchange power should be fixed when
providing the Q power support, additional constraint (21) is
formulated.

∆P q
PCC = ST

P−P

[
−∆P d,q

DG

∆P d,q
FL

]
+ ST

P−Q

[
−∆Qd,q

DG

cotϕ ·∆P d,q
FL

]
= 0

(21)

2) FL Operation Constraints Under CSMC
The CSMC validity constraint (13) is utilized to restrict

the FL operation, so that the desired response power can be
realized by CSMC regardless of the FL uncertainty. According

to (13), the desired aggregate FL response power for re-
dispatching, providing P and Q reserves are bounded by:

∆P down
FL + ωFL ≤ ∆P d,r

FL ≤ ∆P up
FL − ωFL (22a)

max

{
∆P down

FL + ωFLA,∆P
down
FL + ωFL −∆P d,r

FL ,

∆P down
FL + ωFL −∆P d,r

FL −∆P d,q
FL

}
≤

∆P d,p
FL ≤ min

{
∆P up

FL − ωFL,∆P
up
FL − ωFL −∆P d,r

FL ,

∆P up
FL − ωFL −∆P d,r

FL −∆P d,q
FL

}
(22b)

max

{
∆P down

FL + ωFL,∆P
down
FL + ωFL −∆P d,r

FL ,

∆P down
FL + ωFL −∆P d,r

FL −∆P d,p
FL

}
≤

∆P d,q
FL ≤ min

{
∆P up

FL − ωFL,∆P
up
FL − ωFL −∆P d,r

FL ,

∆P up
FL − ωFL −∆P d,r

FL −∆P d,p
FL

}
(22c)

3) DG Operation Constraints
The DG converter is assumed to operate under the P-Q

control mode. The initial DG active output power (P (0)
DG) is

set at the optimal operating point of the MPPT curve, so that
the active output power cannot exceed the initial value. Based
on it, DG active response power constraints are formulated
by (23).

−P (0)
DG · ρcurt ≤ ∆P d,r

DG ≤ 0

−P (0)
DG ≤ ∆P d,r

DG + ∆P
d,p/q
DG ≤ 0

−P (0)
DG ≤ ∆P d,r

DG + ∆P d,p
DG + ∆P d,q

DG ≤ 0

(23)

where ρcurt is the permitted curtailment ratio to ensure the DG
penetration up to the minimal requirement. DGs are allowed to
curtail all the active output power to provide power supports.

The DG capacity constraints are formulated by (24a)–(24c).(
P

(0)
DG,i + ∆P d,r

DG,i

)2
+
(
Q

(0)
DG,i + ∆Qd,r

DG,i

)2 ≤ S2
DG,i (24a)(

P
(0)
DG,i + ∆P d,r

DG,i + ∆P
d,p/q
DG,i

)2
+
(
Q

(0)
DG,i + ∆Qd,r

DG,i

+ ∆Q
d,p/q
DG,i

)2 ≤ S2
DG,i (24b)(

P
(0)
DG,i + ∆P d,r

DG,i + ∆P d,p
DG,i + ∆P d,q

DG,i

)2
+
(
Q

(0)
DG,i

+ ∆Qd,r
DG,i + ∆Qd,p

DG,i + ∆Qd,q
DG,i

)2 ≤ S2
DG,i (24c)

where SDG,i is the DG capacity at bus i; Q(0)
DG,i is the initial

DG reactive output power at bus i.
The constraints (24a)–(24c) can be linearized by polyhedral

approximation [33]. The regular octagon inner-approximation
method is utilized in this paper to transfer (24) into (25).

aoct

(
P

(0)
DG + ∆P d,r

DG

)T
+ boct

(
Q

(0)
DG + ∆Qd,r

DG

)T
≤ coctS

T
DG (25a)

aoct

(
P

(0)
DG + ∆P d,r

DG + ∆P
d,p/q
DG

)T
+ boct

(
Q

(0)
DG + ∆Qd,r

DG + ∆Q
d,p/q
DG

)T ≤ coctS
T
DG (25b)

aoct

(
P

(0)
DG + ∆P d,r

DG + ∆P d,p
DG + ∆P d,q

DG

)T
+ boct

(
Q

(0)
DG

+ ∆Qd,r
DG + ∆Qd,p

DG + ∆Qd,q
DG

)T ≤ coctS
T
DG (25c)

where SDG is the DG capacity vector; aoct, boct and coct are
coefficient vectors of the regular octagon inner-approximation.
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4) Voltage Security Constraint for Re-dispatching
Since the DSO can measure the actual DG output power at

the beginning of the dispatch interval, the operation security
constraints for re-dispatching are deterministic.

The bus voltage inside the distribution system should be
kept with the limits after re-dispatching, formulated by (26).

V ≤ V (0) + ∆V r ≤ V (26)

where V and V are the lower and upper limit vectors of
voltage security, respectively; V (0) is the initial bus voltage
vector.
5) TSO-DSO Interface Security Constraints for Re-dispa- tch-
ing

The active exchange power after re-dispatching should meet
the power fluctuation constraint and the transmission capacity
constraint, formulated by (27) and (28) respectively.

∆PPCC ≤ ∆PPCC ≤ ∆P̄PCC (27)

(P
(0)
PCC + ∆PPCC)2 + (Q

(0)
PCC + ∆QPCC)2 ≤ S2

PCC (28)

where ∆PPCC and ∆PPCC are the lower and upper limits of
the active exchange power fluctuation, predetermined by TSO
and DSO; P (0)

PCC and Q
(0)
PCC are the initial active and reac-

tive exchange power, respectively; SPCC is the transmission
capacity.

C. Generalized Robust Chance Constraints

Considering that the DG uncertainty over the dispatch
interval is inevitable, the generalized robust chance constraints
(29) are formulated to ensure that the infimum voltage security
probability under the generalized ambiguity set (10) to be at
least (1 − µV ), for three power support situations: providing
P or Q power supports; providing P and Q power supports;
not providing any power support. The voltage deviation at the
TSO-DSO interface after all situations are assumed to reach
its limit (∆V ∗PCC).

inf
ωDG∈UDG

Pr(V ≤ {V (0) + ∆V r + SV−V∆V ∗PCC

−SDG
V−PωDG} ≤ V ) ≥ 1− µV

inf
ωDG∈UDG

Pr(V ≤ V (0) + ∆V r + ∆V p/q

−SDG
V−PωDG ≤ V ) ≥ 1− µV

inf
ωDG∈UDG

Pr(V ≤ {V (0) + ∆V r + ∆V p + ∆V q

−SV−V∆V ∗PCC − SDG
V−PωDG} ≤ V ) ≥ 1− µV

(29)

where µV is the DSO’s risk tolerance level for the voltage
insecurity, satisfying µV ≥ γ1/γ2; SDG

V−P, SDG
P−P are the

portion of SV−P and SP−P about DGs, respectively.
To maximize the P-Q reserve ability, only the transmission

capacity constraint at the TSO-DSO interface needs to be
satisfied when the DSO provides the P-Q power support.
Therefore, the generalized robust chance constraints for the
TSO-DSO interface security are formulated by (30).

inf
ωDG∈UDG

Pr((P
(0)
PCC + ∆P r

PCC + ∆P
p/q
PCC

− (SDG
P−P)TωDG)2 + (Q

(0)
PCC + ∆Qr

PCC

+ ∆Q
p/q
PCC)2 ≤ S2

PCC) ≥ 1− µPCC

inf
ωDG∈UDG

Pr((P
(0)
PCC + ∆P r

PCC + ∆P p
PCC + ∆P q

PCC

− (SDG
P−P)TωDG)2 + (Q

(0)
PCC + ∆Qr

PCC

+ ∆Qp
PCC + ∆Qq

PCC)2 ≤ S2
PCC) ≥ 1− µPCC

(30)

where µPCC are the DSO’s risk tolerance levels for the TSO-
DSO interface insecurity, satisfying µPCC ≥ γ1/γ2.

Two reformulation methods are considered in this paper
to reduce the complexity of generalized robust chance con-
straints.

1) Chebyshev Inequality-based Reformulation Method: the
two-sided chance constraints (29) and (30) are first approx-
imately decomposed into single-sided constraints, which are
then reformulated to linear counterparts (31) and (32) respec-
tively, based on the Chebyshev inequality [17], [34].

V + θ̂V + γV

√
Σ̂V ≤ {V (0) + ∆V r + SV−V∆V ∗PCC}

≤ V + θ̂V − γV

√
Σ̂V

V + θ̂V + γV

√
Σ̂V ≤ V (0) + ∆V r + ∆V p/q

≤ V + θ̂V − γV

√
Σ̂V

V + θ̂V + γV

√
Σ̂V ≤ {V (0) + ∆V r + ∆V p + ∆V q

−SV−V∆V ∗PCC} ≤ V + θ̂V − γV

√
Σ̂V

(31)

where

θ̂V = SDG
V−PθDG;

γV =
√
γ1 +

√
(γ2 − γ1)(1− µV )/µV

Σ̂V = diag(SDG
V−PΣDG(SDG

V−P)T).

The quadratic parts of (30) are first linearized by regular
octagon inner-approximation and then reformulated as (32).

aoct(P
(0)
PCC + ∆P r

PCC + ∆P
p/q
PCC) + boct(Q

(0)
PCC + ∆Qr

PCC

+∆Q
p/q
PCC) ≤ coctSl + Λl

aoct(P
(0)
PCC + ∆P r

PCC + ∆P p
PCC + ∆P q

PCC)

+boct(Q
(0)
PCC + ∆Qr

PCC + ∆Qp
PCC + ∆Qq

PCC)

≤ coctSl + Λl

Λl = θ̂PCCaoct − γPCC

√
diag(aoctaT

oct)Σ̂PCC

(32)

where θ̂PCC = θT
DGS

DG
P−P; Σ̂PCC = (SDG

P−P)
T
ΣDGS

DG
P−P;

γPCC =
√
γ1 +

√
(γ2 − γ1)(1− µPCC)/µPCC.

The reformulation is easy to be implemented. However, the
reformulation accuracy is sensitive to the risk tolerance level.
It has been verified in [23], [35] that the robustness under this
reformulation can be ensured by appropriately choosing the
risk tolerance level.

2) Duality theory-based reformulation method: to enhance
the robustness for large risk tolerance levels, a duality theory-
based reformulation method is proposed in [36]. In this paper,
this method is extended to be suitable for generalized robust
chance constraints under the generalized ambiguity set. Using
the first constraint in (29) as an example, it can be reformulated
to (33) for each bus i. The proof is shown in Appendix B.
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
y2
i + (γ2 − γ1δ

2
i )Σ̂V,i ≤ µV(V i + SDG

V−P,iθDG − πi)2

V i + SDG
V−P,iθDG ≤ πi ≤ V i + SDG

V−P,iθDG

|V (0)
i + ∆V r

i + SV−V,i∆V
∗
PCC| ≤ yi −

√
γ1

√
Σ̂V,iδi + πi

yi ≥ 0, δi ≥ 0

(33)

where yi, πi and δi are auxiliary variables; Σ̂V,i, SDG
V−P,i and

SV−V,i are the i-th element of Σ̂V , the i-th row of SDG
V−P,

and the i-th element of SV−V respectively.
Each constraint in (29)–(30) can be reformulated by the

same method as (33), which is not exhibited due to the space
limit.

The reformulation model (33) is a generalized form, which
can be equal to the model in [36] by setting γ1 = 0, γ2 = 1.
Compared to the first reformulation method, this method will
bring in second-ordered convex constraints and extra variables.

As a result, the multi-objective optimization model integrat-
ing GRCC and CSMC (GRCC-CSMC) for V-PQRC evaluation
is formulated by the combination of objectives and constraints,
as shown in (34).

maxF (x) = [F1(x), F2(x), F3(x)]T

s.t. Φ : π

{
(17)–(23), (25)–(28)
(31)–(32) or (33) form

(34)

It is a multi-objective convex programming problem which
can be solved by the nondominated sorting genetic algorithm II
(NSGA-II). Instead of converting this problem into a single-
objective problem, the NSGA-II can find multiple Pareto
optimal solutions in one single simulation run [37]. As a result,
the diversity of Pareto optimal solutions can be ensured with
a smaller computational burden. The detailed procedure of the
NSGA-II algorithm is shown in Appendix C.

After optimization, the objective vector F corresponding to
Pareto optimal solution set Sr refers to the Pareto optimal P-Q
reserve schemes that cannot be dominated by any other fea-
sible scheme. Therefore, the Pareto front surface constructed
by F can be recognized as the boundary of V-PQRC.

V. NON-APPROXIMATED SELECTING METHOD FOR THE
V-PQRC LINEAR MODEL

Since the Pareto front surface is too nonlinear to be directly
modeled, the piecewise linearization method is an alternative
approach to build up a linear model of V-PQRC based on the
Pareto optimal reserve schemes. The V-PQRC linear model
can be expressed as a set of linear inequalities. On the perspec-
tive of the space geometric, the model is regarded as a closed
space bounded by a polyhedron with all the Pareto optimal
reserve schemes as vertices. However, the massive amount
of the reserve schemes results in a high model complexity.
The non-approximated selecting (NAS) method is proposed in
this paper to preserve a small batch of Pareto optimal reserve
schemes to build up the V-PQRC linear model so that the
model complexity can be reduced.

The normalization Euclidean distance (NED) formulated
by (35) is used to judge whether the Pareto optimal reserve

scheme i, (Fi = [Pres(i), Qres(i),∆V
∗
PCC(i)]T) can replace

scheme j.

NEDij =√√√√√√√√√
(
Pres(i)− Pres(j)

P̄res − P res

)2

+

(
Qres(i)−Qres(j)

Q̄res −Qres

)2

+

(
∆V ∗PCC(i)−∆V ∗PCC(j)

∆V
∗
PCC −∆V ∗PCC

)2 (35)

where P res and P res are the maximal upward and downward
P reserves of Pareto optimal reserve schemes, respectively;
Qres and Q

res
are the maximal inductive and capacitive Q

reserves, respectively; ∆V
∗
PCC and ∆V ∗PCC are the maximal

and minimal voltage deviation limits at the TSO-DSO inter-
face, respectively.

The scheme i can replace scheme j, when NEDij is smaller
than the permitted approximation range (NED).

The NAS method aims to preserve the non-approximated
Pareto optimal reserve schemes. When all non-approximated
solutions are preserved, the reserve scheme set F can be
equivalently replaced by them. Then, the V-PQRC linear
model formulated by the much smaller batch can reduce the
model complexity and satisfy the permitted approximate error
range.

The detailed procedure is listed in Algorithm 1. First, the
first-level non-approximated reserve scheme set Fn is selected
from F . Fn contains the key non-approximated Pareto optimal
reserve schemes containing the maximum values of the TSO-

Algorithm 1: Non-approximated selecting (NAS)
method

Input: Pareto optimal reserve scheme set Sr; range
NED;

1 Step 1: Generate the first-level non-approximated
scheme set Fn Fn = {F |∆V ∗

PCC
, F |∆V ∗

PCC
, F |P res

,

F |P res
, F |Qres

, F |Q
res
};

2 for i = 1 to length(Fn) −1 do
3 calculate NEDij by (33), ∀j ∈ {Fn\Fn(i)};
4 if NEDij ≤ NED then
5 remove the approximated solution,

Fn ← {Fn\Fn(j)};
6 end
7 end
8 Step 2: Generate the second-level non-approximated

scheme set F ′n
9 Initialize F ′n:
F ′n = {F |F is non-approximated by Fn};

10 for i = 1 to length(F ′n) −1 do
11 calculate NEDij by (33), ∀j ∈ {F ′n\F ′n(i)};
12 if NEDij ≤ NED then
13 remove the approximated solution,

F ′n ← {F ′n\F ′n(j)};
14 end
15 end

Output: non-approximated solution set Fl ← Fn ∪ F ′n
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DSO interface voltage deviation limit, P reserve and Q reserve
in F , so that these characteristics can be preserved in the V-
PQRC linear model. Then, the second-level non- approximated
reserve scheme set F ′n is selected from the rest of F . After
two steps, the amount of Pareto optimal reserve schemes can
be significantly reduced. By combining Fn and F ′n, the non-
approximated reserve scheme set Fl is obtained.

Using the NAS method, the V-PQRC can be recognized as a
closed space bounded by a polyhedron with the solutions in Sl
as vertices. The V-PQRC linear model is formulated by (36).

Γres ⇔ Al

 Pres

Qres

∆V ∗PCC

+Bl ≤ 0 (36)

where Al and Bl are the linear parameter matrixes, according
to the non-approximated scheme set Fl.

VI. SIMULATION STUDIES

A. Simulation Settings

The proposed V-PQRC evaluation method is simulated in
the modified IEEE 33-bus distribution system, as shown in
Fig. 6. The detailed initial operation state is provided in [38].
Bus 1 is defined as the TSO-DSO interface and the initial
voltage is set to be 1 p.u. DGs at bus 8, 12, 17, 21, 25,
31, 32 and 33 are available to provide reserves. The installed
capacity of each DG is 0.5 MVA. The initial active and
reactive output power of each DG are set to be 372 kW and
0 kvar, respectively. The rest buses are integrated with FLs.
The downward and upper limits (∆P down

FL,i and ∆P up
FL,i) for the

FLs at each bus are −20% and 40% of the initial active load.
The lower and upper limits for the active exchange power
fluctuation (∆PPCC and ∆PPCC) are −5 MW and 5 MW.
The transmission capacity at TSO-DSO interface is 10 MVA.
The dispatch interval is 15 minutes.

The sensitivity matrixes and vectors (SV−P, SV−Q, SV−V,
SP−P, SP−Q, SP−V, SQ−P, SQ−Q) in the linearized power
flow constraints (14)–(17) are calculated by repeatedly con-
ducting power flow simulation via the MATPOWER toolbox.
At each simulation run, randomly perturb the power of DGs
and FLs. The average values of each are used in this paper.
1) Uncertainty Settings

DG uncertainty ωDG: the forecasting errors between the
most recent forecasted data and the measured data of the

aggregate Belgian wind farms [39], from Jan. 2020 to Mar.
2021, are used as the DG uncertainty dataset and scaled to the
P

(0)
DG,i situation. The forecasting interval is 15 minutes. Their

dataset size is 5,000, and 1,000 and are randomly selected as
historical data to calculate the estimates (θDG and ΣDG) in
the generalized ambiguity set (10). γ1 and γ2 are set to be 0.1
and 1.1 respectively, to avoid being overly conservative [24].

Although only the wind power uncertainty is utilized in this
simulation, the proposed V-PQRC evaluation method can be
applicable for other types of DGs.

FL uncertainty ωFL: the control timestep of the CSMC is
set to 0.1 s. The aggregated FL uncertainty at each control
timestep is a random variable following a uniform distribution
on [−ωFL,i, ωFL,i], where ωFL,i is 15% of ∆P up

FL,i. The
CSMC validity constraint (10) is built up based on above.
2) Uncertainty Scenario Set

5,000 uncertainty scenarios are set to test the performance
of the V-PQRC evaluation method. In each scenario, the DG
uncertainty is chosen from the DG uncertainty dataset above,
and the FL uncertainty satisfies the FL uncertainty setting.

If there is no emphasis, the V-PQRC evaluation results are
obtained via the GRCC-CSMC multi-objective optimization
using the Chebyshev inequality-based reformulation method.

B. V-PQRC Evaluation Results
The risk tolerance levels µV and µl are both set to be 0.2 in

this case. After the V-PQRC evaluation, 960 Pareto optimal
reserve schemes are obtained. Then, the V-PQRC linear model
is constructed via the NAS method with NED = 0. As shown
in Fig. 7(a), the V-PQRC linear model is a closed polyhedron,
and each P-Q reserve scheme inside the space can be realized
without offending the distribution system operation security.
1) Necessity of Considering the Voltage Deviation Limit at the
TSO-DSO Interface (∆V ∗PCC) in the V-PQRC Evaluation

The 2-D PQRC feasible region with given ∆V ∗PCC is the
∆V ∗PCC-axis cross section of the V-PQRC linear model, as
shown in Fig. 7(b). According to Fig. 7(b), the PQRC feasible
regions will change along with the change of the given
∆V ∗PCC.

The voltage security of the maximal capacitive Q reserve
scheme with ∆V ∗PCC = 0 is investigated under different
voltage deviations at the TSO-DSO interface (∆VPCC), to
demonstrate the necessity of considering ∆V ∗PCC in the V-
PQRC evaluation. According to the obtained V-PQRC linear

Transmission

system

TSO-DSO

interface

21

DG

DG DG DG

DG DG DG

DG

3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18
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26 27 28 29 30 31 32 33

23 24 25

Fig. 6. The modified IEEE 33-bus distribution system.
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model, the DSO can provide −4.44 Mvar Q power support
to the TSO. The reserve allocation results are shown in
Appendix D.

The robust feasibility of voltage security chance constraints
(29) is analyzed under two situations: (a) the DSO provides the
Q power support; (b) the DSO does not provide the support.
The value of ∆VPCC after two situations is set to 0, 0.017 p.u.
and −0.017 p.u., respectively. The results are shown in Figs. 8
and 9. According to (31), the upper and lower limits of the
chance constraints are V + θ̂V − γV

√
Σ̂V and V + θ̂V −

γV
√

Σ̂V .
According to Fig. 8, when ∆VPCC = 0, the bus voltage is

within the limits of the voltage chance constraint after the DSO
providing the Q power support, so that the reserve scheme is
reliable to ensure the voltage security.

However, when ∆VPCC increases to 0.017 p.u. after pro-

viding the Q power support, the upper limits at some buses
are broken, as shown in Figs. 8 and 9. So that the reserve
scheme is not robust when ∆VPCC = 0.017 p.u., and the over-
voltage risk will be higher beyond the tolerance. For the sake
of voltage security, the capacitive Q reserve ability should be
restricted.

The reserve scheme is also not robust when ∆VPCC =
−0.017 p.u. According to Fig. 9, the voltage of some buses
has a significantly intolerable risk to drop below 0.95 p.u. in
situation (b). More response power of DGs and FLs should be
re-dispatched to raise the voltage at the beginning of dispatch
interval, instead of providing reserves, to ensure the voltage
security for different power support situations.

Therefore, it is essential to involve ∆V ∗PCC in the V-PQRC
evaluation to ensure the reliability of the P-Q reserve scheme
under any possible ∆VPCC within ∆V ∗PCC.
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2) Influence of The Risk Tolerance Level

Maximal Pres, Qres, and ∆V ∗PCC under different risk tol-
erance levels are listed in Table I. It is demonstrated that
the P-Q reserve ability of the DSO can be strengthened
with larger risk tolerance levels. Since larger tolerance levels
allow higher probabilities to break security constraints, more
response capacities of DGs and FLs can be utilized to provide
reserves.

The PQRC feasible regions with different given ∆V ∗PCC and
risk tolerance levels are considered, as illustrated in Fig. 10. It
can be found that the Q reserve ability is more sensitive to the
change of the risk tolerance level than P reserve ability. This
is because the high R/X ratios (>1) in the testing system make
the bus voltage less sensitive to the reactive power injection.

TABLE I
MAXIMAL Pres , Qres , AND ∆V ∗

PCC UNDER DIFFERENT RISK
TOLERANCE LEVELS

Risk tolerance level (µV = µl) 0.2 0.3 0.4 0.5

Pres (MW) downward −2.491 −2.562 −2.610 −2.611
upward 3.591 3.660 3.703 3.717

Qres (Mvar) capacitive −4.442 −5.153 −5.575 −5.803
inductive 4.633 5.309 5.763 6.059

∆V ∗
PCC (p.u.) drop −0.017 −0.031 −0.039 −0.040

rise 0.017 0.032 0.041 0.048
CPU time (s) 44.21 43.43 44.44 44.13

When the voltage security constraints are relaxed, the feasible
range for the reactive power injection at each bus is more
obviously expanded to enhance the Q reserve ability. As listed
in Table I, the maximal Q reserve capacities increase about
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Fig. 9. Robust feasibility results of the voltage security chance constraint under different ∆VPCC in situation (b).
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30% when the risk tolerance level rises from 0.2 to 0.5, while
the maximal P reserve capacities only increase 4%.

Therefore, the DSO should decide a proper risk tolerance
level to provide desired reserves, and equip extra voltage
regulation resources if necessary to compensate the risk.

C. Robustness of the V-PQRC evaluation

To verify the robust performance of the V-PQRC evaluation,
the obtained Pareto optimal reserve schemes are tested on the
5,000 uncertainty scenarios. The FL response time in each
scenario is randomly chosen from 1 s to 3 s. Considering the
FL uncertainty fluctuates over the whole dispatch interval, the
final FL response power is of concern. Power flow is conducted
to obtain actual P reserve and Q reserve results for each reserve
scheme in each uncertainty scenario.

The evaluation error and mean insecurity probability are
investigated in this case to reveal the robust performance. The
P and Q reserve evaluation errors, i.e., σP

res and σQ
res, are the

root mean squared errors of P and Q reserve evaluation results,
respectively. The mean insecurity probability is defined as the
mean probability of the Pareto optimal reserve schemes to
violate the voltage security or TSO-DSO interface security
constraints.

Use the single GRCC method-based evaluation method as
the comparison, which captures the uncertainties of DGs and
FLs by one generalized ambiguity set, without using the
CSMC. The test results are listed in Tables II and III.

TABLE II
ACTIVE AND REACTIVE POWER RESERVE EVALUATION ERRORS

Risk tolerance
level

σP
res (MW) σQ

res (Mvar)
GRCC GRCC-CSMC GRCC GRCC-CSMC

0.2 1.121 0.873 0.465 0.426
0.3 1.124 0.872 0.504 0.438
0.4 1.122 0.874 0.658 0.516
0.5 1.121 0.873 0.886 0.537

TABLE III
MEAN INSECURITY PROBABILITY TESTING RESULTS

Risk tolerance level Single GRCC GRCC-CSMC
0.2 25.62% 18.17%
0.3 31.57% 24.28%
0.4 32.75% 28.64%
0.5 37.25% 31.81%

It is verified that by integrating GRCC and CSMC in the
proposed V-PQRC evaluation method, the evaluation errors
and mean insecurity probability are obviously reduced. This is
because the proposed CSMC can smooth the FL uncertainty
during response so that the system security operation won’t
be disturbed by it. However, the single GRCC method can
only consider the FL uncertainty in evaluation but cannot
really smooth it. Furthermore, CSMC only needs the boundary
information of the FL uncertainty, which is easy to obtain.

Thereby, the V-PQRC evaluation based on the GRCC-
CSMC method is easy to be implemented, and more robust
under the uncertainties of DGs and FLs.

1) Performances under different ambiguity sets: Three dif-
ferent ambiguity sets are compared in this case:

A1: The generalized ambiguity set (10) used in this paper;
A2: The ambiguity set in [23] assuming that the actual mean

and covariance matrix are equal to the estimated values;
A3: The Wasserstein metric-based ambiguity set in [20] and

the confidence level is set to 0.95.
The Chebyshev inequality-based reformulation is utilized

for chance constraints under A1 and A2. The chance con-
straints under A3 are reformulated into the linear formulations
in [20]. We compare the conservative and robust performances
of V-PQRC evaluation under above ambiguity sets when the
risk tolerance level is set to 0.5. The results are listed in
Table IV.

TABLE IV
MAXIMAL Pres , Qres , AND ∆V ∗

PCC , MEAN INSECURITY PROBABILITY
TESTING RESULTS UNDER DIFFERENT AMBIGUITY SETS

Ambiguity set A1 A2 A3

PRES (MW) downward −2.611 −2.707 −2.670
upward 3.717 3.735 3.722

QRES (Mvar) capacitive −5.803 −6.046 −5.988
inductive 6.059 6.485 6.380

∆V ∗
PCC (p.u.) drop −0.040 −0.042 −0.042

rise 0.048 0.052 0.049
Mean insecurity probability 31.81% 51.85% 45.37%

According to Table IV, the V-PQRC evaluation under A1
is more conservative than the other ambiguity sets. The mean
insecurity probability under A1 is smallest, which reveals that
the reserve evaluation under A1 is most robust. Although
the utilization of A2 shows the least conservativeness, the
evaluation is not robust because of the inadequate historical
data results in large estimation errors of the mean and the
covariance matrix. The utilization of A3 is slightly less con-
servative than A1, but the robust performance is obviously
less than A1 and the modeling of A3 is more complex.
Thus, the generalized ambiguity set is more suitable in this
paper to ensure the robustness of the V-PQRC evaluation with
inadequate historical data.

It must be emphasized that A2 and A3 can show better
performances with more historical data. Thus, the ambiguity
set should be chosen based on the features of historical data.
And the proposed V-PQRC evaluation method can still be
valid.

2) Performances under different reformulation methods:
The conservative and robust performances of the V-PQRC
evaluation via the duality theory-based reformulation are listed
in Table V.

TABLE V
PERFORMANCES UNDER THE DUALITY THEORY-BASED REFORMULATION

Risk tolerance level (µV = µl) 0.2 0.3 0.4 0.5

PRES (MW) downward −2.497 −2.579 −2.625 −2.655
upward 3.323 3.598 3.646 3.677

QRES (Mvar) capacitive −3.974 −4.929 −5.438 −5.708
inductive 4.094 5.123 5.620 5.925

∆V ∗
PCC (p.u.) drop −0.009 −0.026 −0.036 −0.039

rise 0.009 0.026 0.036 0.039
Mean insecurity probability 17.58% 23.41% 26.70% 29.13%

CPU time (s) 43.63 44.30 44.91 45.18

Results in Table V with Tables I and II confirm that the
duality theory-based reformulation is less relaxed than the
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Chebyshev inequality-based method. The V-PQRC evaluation
is more conservative under each risk tolerance level, to reduce
the mean insecurity probability. It reveals that the robust per-
formance of this method is better, and the advantage becomes
more obvious along with the increase of the risk tolerance
level. Although new variables are added by this method, the
CPU time is similar to the other method. It implies that the
computational burden of the V-PQRC evaluation will not be
increased when using this method for chance constraints.

According to the comprehensive results, it can be concluded
that the Chebyshev inequality-based reformulation method
does well to achieve a balance between conservativeness
and robustness when the risk tolerance level is small. The
duality theory-based method is more suitable under lager risk
tolerance levels to ensure a good robust performance. The
DSO should select from them according to risk tolerance level
setting.

D. Simplification Performances of The NAS Method

The Pareto optimal reserve schemes under µV = µl = 0.2
are utilized to formulate the V-PQRC linear model by the
NAS method. The V-PQRC model complexity under different
is listed in Table VI. The number of preserved schemes and
the model dimension are two concerned indexes. The model
dimension is the number of inequalities in the V-PQRC linear

TABLE VI
MODEL COMPLEXITY UNDER DIFFERENT PERMITTED

APPROXIMATION ERRORS

NED Number of preserved schemes Model dimension
0 960 1102
0.2 137 224
0.4 78 134
0.6 49 88
0.8 37 70

model.
It can be observed from Table VI that the number of

preserved schemes and the model dimension are significantly
reduced with a larger NED. When NED is set to be 0, all
the Pareto optimal reserve schemes are preserved and the
model dimension is up to 1,102, which is too high to act as a
constraint in the transmission system operation optimization.
When NED is set to be 0.8, only 4% Pareto optimal reserve
schemes are preserved to build the V-PQRC linear model and
the model dimension can be reduced by nearly 94%.

The influences of the NAS method on V-PQRC model
robustness and accuracy are discussed further. The PQRC
feasible regions with different NED are illustrated in Fig. 11,
where red points represent the Pareto optimal reserve schemes.

As shown in Fig. 11, under each given ∆V ∗PCC, the PQRC
feasible region under a larger NED is the subset of the primary
feasible region under NED = 0. That means the robustness
of the V-PQRC evaluation is still valid when using the NAS
method.

Furthermore, the PQRC feasible region under NED = 0.2
is almost the same as the region under NED = 0, but the
model demission is reduced by about 80%. The simplification
is achieved by sacrificing the feasible space, so that the model
accuracy is reduced, because some Pareto optimal reserve
schemes are mistakenly treated as infeasible schemes.

To quantify the V-PQRC model accuracy, the deviation of
each Pareto optimal reserve scheme from the V-PQRC model
with given ∆V ∗PCC is calculated. The deviation of Pareto
optimal reserve schemes inside the V-PQRC model is set to
0. Then, the mean deviation is utilized as the index for model
accuracy, and the results are listed in Table VII.

According to Table VII, the model accuracy will not be
heavily reduced by the NAS method when choosing a proper
NED. In this case, NED = 0.6 is appropriate, which can reduce
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TABLE VII
MODEL ACCURACY UNDER DIFFERENT PERMITTED

APPROXIMATION ERRORS

NED Mean deviation of Pareto optimal
schemes from V-PQRC model

0 0 MVA
0.2 0.03 MVA
0.4 0.11 MVA
0.6 0.27 MVA
0.8 0.63 MVA

the model dimension from 1,606 to 104, while preserving a
relatively large subset of the primary V-PQRC feasible space.

E. Simple Application in T-D System Coordinated Operation

The T-D system illustrated in Fig. 2 is used in this case
study. According to the V-PQRC evaluation results above, the
reserve potential of a single modified IEEE-33 distribution
system is very limited for the transmission system. In order to
more obviously show the effect of V-PQRC evaluation in the
T-D system coordinated operation, five distribution systems are
connected to bus 97 of the IEEE-118 bus transmission system.
Each of them is the same as the modified IEEE-33 bus system
shown in Fig. 6. The total power supports of five distribution
systems are investigated in the case study.

The T-D system is modeled and simulated by the MAT-
POWER toolbox. To clearly observe the effectiveness of the
T-D system coordinated operation, it is assumed that the
voltage loss between bus 97 and the TSO-DSO interface
bus (i.e., transformer voltage loss) can be ignored, and the
voltage at the TSO-DSO interface of each distribution system
is the same as the voltage at bus 97. A load with 11 MW
and 19 Mvar demand is also connected to bus 97, so that
the initial voltage at each TSO-DSO interface bus can be
maintained to 1 p.u.. Thus, the V-PQRC evaluation results of
each distribution system are equal to the results listed above.
The V-PQRC linear model under NED = 0.6 in Part D is
chosen as the V-PQRC model for each distribution system.
The DG an FL uncertainties are randomly chosen from the
uncertainty scenario set.

TABLE VIII
T-D SYSTEM COORDINATED OPERATION CASE SETTINGS

Case Case 1 Case 2
Reserve request 〈1 MW, 4 Mvar,

0.01 p.u.〉
〈−1 MW, −4 Mvar,
−0.01 p.u.〉

Disturbance the load at bus 97
reduces 5 MW and
50 Mvar demand

the load at bus 97
increases 5 MW and
50 Mvar demand

Target ∆V97 ≤ 0.01 p.u. ∆V97 ≥ −0.01 p.u.

Two cases listed in Table VIII are simulated. In each case,
the TSO sends the reserve request to each DSO for the five
distribution systems at the beginning of the dispatch interval,
and the disturbance occurs in the interval. The TSO should
coordinate the reserve resources in the transmission system
and the support from DSOs to drive the voltage deviation at
bus 97 (∆V97) to reach the target.

In each case, each DSO re-dispatches and allocates the
reserve requests among DGs and FLs according to the reserve
request. The results in each distribution system are shown in
Figs. 12 and 13. It can be found that the DGs use the main
role to provide P and Q reserves, and the DGs closer to the
TSO-DSO interface (e.g., bus 8, 12, 21 and 25) contributes
more. The FLs also participate in the reserve provision, but
their main responsibility is to avoid the bus voltage out of
limits after the DSO provides power supports, because FLs
are distributed more widely and high R/X ratios make them
nice resources to improve the voltage security.

Suppose that bus 96 in the transmission system equips
enough reserves for the TSO’s target, the comparison of the
power supports from bus 96 and the distribution systems is
listed in Table IX. All results are obtained from the T-D system
simulation via the MATPOWER toolbox.

When using the reserve of the distribution systems, the
DSOs are required to provide all the P-Q reserve capacities
to support the transmission system voltage regulation. The
control command of DSOs for DGs and FLs to provide support
are the same as the reserve allocation shown in Figs. 12 and 13.
However, due to the DG and FL uncertainties, the provided P-
Q power may differ from the desired values. The TSO controls
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resources are in bus 96 to assist DSOs to drive ∆V97 to
reach the targeted value. Since the power support from each
distribution system is the same, only their total power support
is listed in Table IX.

However, if no support is provided, ∆V97 will reach to
0.027 p.u. in Case 1 and drop to −0.027 p.u. in Case 2.
To drive ∆V97 to reach the targets, the neighboring bus 96
needs to solely provide 110 Mvar inductive reactive power
support in Case 1, and 110 Mvar capacitive reactive power
support in Case 2. However, when utilizing the distribution
systems as localized virtual reserve resources, DSOs can
totally provide 20.9 Mvar inductive reactive power support
in Case 1 and 19.45 Mvar capacitive reactive power support
in Case 2, so that the supports from bus 96 are obviously
reduced. Therefore, the reserve resources in the transmission

system can be significantly saved by exploiting the reserve
potential of the distribution systems.

The bus voltage inside each distribution system after pro-
viding the power support is shown in Fig. 14.

As shown in Fig. 14(a), in Case 1, each DSO re-dispatches
the DGs and FLs to raise the bus voltage at the beginning, so
that the bus voltage will not drop below the permitted range
after providing the power support. According to Fig. 14(b), in
Case 2, the bus voltage after re-dispatching is reduced so that
enough power support can be provided, while avoiding the
bus voltage beyond its upper limit. In Case 1 and Case 2, the
voltage at the TSO-DSO interface has risen by 0.003 p.u. and
dropped by 0.002 p.u. respectively after the re-dispatching in
the distribution systems. However, the values are much smaller
and do not influence the operation of the T-D system.

TABLE IX
POWER SUPPORTS IN EACH CASES

Case No. Power Support
∆V97Resource P Q

1 bus 96 5 MW 105 Mvar 0.01 p.u.
bus 96 + DSOs bus 96: −0.05 MW DSOs: 5.1 MW bus 96: 65 Mvar DSOs: 21 Mvar 0.01 p.u.

2 bus 96 −5 MW −110 Mvar −0.01 p.u.
bus 96 + DSOs bus 96: 0.2 MW DSOs: −5.2 MW bus 96: −38 Mvar DSOs: −19.5 Mvar −0.01 p.u.
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Fig. 13. The re-dispatching and reserve allocation results of FLs at each bus. (a) Case 1. (b) Case 2.
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Therefore, it is verified that in the V-PQRC model-based
T-D system coordination, the DSO can provide relatively
accurate power support to the TSO while ensuring the inside
voltage security. The TSO only needs to issue the reserve
request according to the V-PQRC model, and the DSO can
respond reliably, which is more efficient and convenient for
the practical operation.

VII. CONCLUSION

To exploit the reserve potential of distribution systems in
support of the transmission system operations, this paper
proposes an evaluation method of the voltage-dependent P-
Q reserve capacity (V-PQRC) at the TSO-DSO interface,
considering uncertainties of DGs and FLs. Compared with
the existing studies, the proposed method has the following
features:

1) The proposed V-PQRC evaluation method captures the
influence of the voltage deviation limit at the TSO-DSO inter-
face on the feasible P-Q reserve capacity, for the sake of en-
suring the distribution system voltage security. The simulation
results reveal that extending the feasible P-Q reserve capacity
region into a 3-D feasible space brings more information
and higher accuracy, and also makes the T-D coordination
operation more efficient.

2) The established GRCC-CSMC multi-objective optimiza-
tion model for V-PQRC evaluation presents better performance
in terms of accuracy and robustness compared with the single
GRCC optimization, because the CSMC is able to drive
FLs to respond as expected against their uncertainties, while
providing the power support.

3) The proposed NAS method can significantly reduce the
complexity of the V-PQRC model while maintaining a rela-
tively high evaluation accuracy and robustness. The simulation
results demonstrate that by using the V-PQRC model, the TSO
can treat distribution systems as virtual voltage-dependent P-Q
reserve resources while ensuring the operation security inside
distribution systems. Therefore, it can significantly relieve the
reserve capacity shortage of the transmission system, and re-
duce additional investment cost for increasing the transmission
system reserve capacity.

APPENDIX

A. Proof of Theorem 1

To verify the reachability of the sliding surface, substitute
(12) into the expression of ṡFLA,i, then (A1) is obtained.

TFL,iṡFL,i = ωFL,i − kFL,i|sFL,i|1/2 sgn(sFL,i)− sFL,i

(A1)

A Lyapunov function Vi = TFL,is
2
FL,i/2 is constructed, and

the time differential form V̇i is formulated by (A2).

V̇FL,i = TFL,isFL,iṡFL,i

= −s2
FL,i + sFL,i(ωFL,i − kFL,i|sFL,i|1/2 sgn(sFL,i))

= −s2
FL,i + sFL,iωFL,i − kFL,i|sFL,i||sFL,i|1/2 (A2)

Ensure that ‖ωFL,i‖ ≤ ωFL,i, (A3) is valid:

V̇FL,i ≤ −s2
FL,i + |sFL,i|(ω̄FL,i − kFL,i|sFL,i|1/2) (A3)

Expand the constraint of ∆uFL,i in (8). (A4)–(A5) are
obtained:

∆P down
FL,i ≤ ∆P d

FL,i − kFL,i|sFL,i|1/2 sgn(sFL,i) ≤ ∆P up
FL,i

(A4)
|sFL,i|1/2 ≤

1

kFL,i
(∆P up

FL,i −∆P d
FL,i), sFL,i < 0

|sFL,i|1/2 ≤
1

kFL,i
(∆P d

FL,i −∆P down
FL,i ), sFL,i > 0

(A5)

When ∆P d
FL,i is bounded by (13), (A6) can be deduced.{

∆P up
FL,i −∆P d

FL,i ≥ ω̄FL,i

∆P d
FL,i −∆P down

FL,i ≥ ω̄FL,i

(A6)

Consequently, we can draw the conclusion that:

∃sFL,i ∈ (B3), |sFL,i| ≥
ω̄2

FL,i

k2
FL,i

, i.e., V̇i ≤ 0

By properly selecting kFL,i to make ω2
FL,i/k

2
FL,i → 0, we

can consider that V̇i ≤ 0 is always true, so that the sliding
surface can be reached in finite time with the bounded ∆uFL,i.

B. Proof of the Duality Theory-based Reformulation Method

Use the first generalized robust chance constraint in (29)
as an example, abbr. (29-1), to illustrate the derivation of the
proposed reformulation method.

Let bi := V
(0)
i +∆V r

i +SV−V,i∆V
∗
PCC, and ξi := −SDG

V−P,i

(ωDG − θDG) + bi. The left term of (29-1) is equivalent to
the minimization problem (B1) based on [22] and Lemma
1 in [34].

min

∫
h(ξi)g(ξi)dξi

s.t.

h(ξi) =

{
1 V i + SDG

V−P,iθDG ≤ ξi ≤ V i + SDG
V−P,iθDG

0 otherwise∫
g(ξi)dξi = 1

−2
√
γ1

√
Σ̂V,i + bi ≤

∫
ξig(ξi)dξ ≤ 2

√
γ1

√
Σ̂V,i + bi∫

ξ2
i g(ξi)dξi ≤ b2i + 2

√
γ1

√
Σ̂V,i + γ2Σ̂V,i∫

ξ2
i g(ξi)dξi ≥ b2i − 2

√
γ1

√
Σ̂V,i + γ2Σ̂V,i

(B1)

The dual problem of (B1) can be organized as (B2).

max
λi,πi,βi,δi

λi + biπi + (γ2Σ̂V,i + bi)
2β2
i − 2

√
γ1

√
Σ̂V,iδi

s.t.


λi + ξiπi + ξ2

i βi ≤ 1, h(ξi) = 1

λi + ξiπi + ξ2
i βi ≤ 0, h(ξi) = 0

βi < 0, δi ≥ 0

(B2)

where λi, πi, βi, and δi are the dual multipliers.
To make the constraint (29-1) tractable, (B3) should be

valid.

∃λi + biπi + (γ2Σ̂V,i + bi)
2β2
i − 2

√
γ1

√
Σ̂V,iδi ≥ 1− µV

(B3)
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Similar as the proof of Theorem 2 in [22], (B1) and (B3)
can be organized as (B4) by the Fourier-Motzkin elimination.

y2
i + 2

√
γ1

√
Σ̂V,iπiδi + (γ2 − γ1δ

2
i )Σ̂V,i

≤ µV(V i + SDG
V−P,iθDG − πi)2

V i + SDG
V−P,iθDG ≤ πi ≤ V i + SDG

V−P,iθDG

δi ≥ 0

yi = V
(0)
i + ∆V r

i + SV−V,i∆V
∗
PCC +

√
γ1

√
Σ̂V,iδi − πi

(B4)

Since δi ≥ 0 and V i + SDG
V−P,iθDG is always positive, the

nonlinear constraints (B4) can be relaxed to (33).

C. Main Procedure of The NSGA-II Algorithm

The main procedure is listed as an Algorithm. According to
(14)–(17), there are 8 combinations of the objectives, and each
combination is optimized separately to improve the diversity
of Pareto optimal solutions.

Algorithm 2: NSGA-II Algorithm for V-PQRC Eval-
uation
Input: number of iterations Gen; number of

chromosomes POP
Output: Pareto optimal solution set Sr, which is

initialized to ∅
1 initialize the chromosome population P0 of size POP
2 P0 ← fast constrained-nondominated sorting (P0)
3 Main Loop:
4 for η1, η2, η3 ∈ {−1, 1} do
5 Select half of P0 on behalf of the parent

population P1;
6 for iteration = 1 to Gen do
7 Create a new offspring population Q2 of size

POP from P1 by selection, crossover and
mutation operators;

8 Obtain a combined population R2:
R2 = P1 ∪Q2;

9 Select the new parent population P1 of size
POP from R2 by fast
constrained-nondominated sorting and
crowding distance operator;

10 end
11 Update Sr:

Sr = Sr ∪ {chromosomes in Front1 of P1}
12 end
13 End

The parameters POP and Gen are set to 120 and 80
respectively. As a result, 960 Pareto optimal solutions can be
obtained after the main loop, which can ensure diversity. Each
Pareto optimal solution cannot be constrained-dominated by
any other solution.

To improve the convergence performance, instead of the
traditional random generation method, the chromosome popu-
lation is initialized by repeatedly solving the single- objective
optimization problem (C1) by randomly selecting the weights
for each objective at each repetition.

maxFi(xi) = w1
F1(xi)− Fmin

1

Fmax
1 − Fmin

1

+ w2
F2(xi)− Fmin

2

Fmax
2 − Fmin

2

+ w3
F3(xi)− Fmin

3

Fmax
3 − Fmin

3

s.t.


η1 = η2 = η3 = 1

Φ :

{
Aeqxi +Beq = 0

Aieqxi +Bieq ≤ 0

(C1)

where xi is the optimal solution and recognized as the i-th
initial chromosome; Fmin

1 and Fmax
1 , Fmin

2 and Fmax
2 , Fmin

3

and Fmax
3 are the minimum and maximum values of F1, F2

and F3 respectively; w1, w2 and w3 are the weights, randomly
selected from [−1, 1].

Furthermore, the constrained-domination principle [35] is
relaxed in this paper to ensure its solvability. The feasibility
error is proposed to distinguish whether the constraints are
satisfied, and is formulated by (C2).

Ei = (Aeqxi +Beq)T(Aeqxi +Beq) +G(xi)
TG(xi)

(C2)

where Ei is the feasibility error of solution i, representing the
distance from the system security constraint set Φ; function
G(xi) satisfies G(xi) = max(Aieqxi +Bieq, 0).

The solution i is said to be a constrained-dominated solution
j, if one of the following conditions is true:

1) The feasibility error of solution i is less than the threshold
Eth while the solution j is not.

2) The feasibility errors of both solutions are beyond Eth,
but solution i owns a smaller feasibility error.

3) The feasibility errors of solution i and j are both less
than Eth. The three objectives of solution i are less than or
equal to the objectives of solution j, and at least one objective
of solution i is less than solution j.

D. Reserve Allocation for The Maximum Inductive Q Reserve
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