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Interaction Quantification of MTDC Systems
Connected with Weak AC Grids

Wanning Zheng, Member, IEEE, Jiabing Hu, Senior Member, IEEE, Li Chai, Member, IEEE,
Bing Liu, and Zixia Sang

Abstract—The small-signal stability of multi-terminal high
voltage direct current (HVDC) systems has become one of the
vital issues in modern power systems. Interactions among voltage
source converters (VSCs) have a significant impact on the stability
of the system. This paper proposes an interaction quantification
method based on the self-/en-stabilizing coefficients of the general
N -terminal HVDC system with a weak AC network connection.
First, we derive the explicit formulae of self-/en-stabilizing coef-
ficients for any N -terminal HVDC system, which can quantify
the interactions through different paths analytically. The relation
between the self-/en-stabilizing coefficients and the poles of the
system can be used to evaluate the impact of the interactions
on the system stability effectively. Then, we employ the obtained
formulae to analyze the parameter sensitivity and explain how
a parameter affects the stability of the system through different
paths of interactions. Finally, extensive examples are given to
demonstrate the effectiveness of the proposed method.

Index Terms—Interactions, multi-terminal HVDC, self-/en-
stabilizing coefficients, small-signal stability.

NOMENCLATURE

Pin, Pout Active power input and output of VSC.
Q Reactive power output of VSC.
E, θ Internal voltage’s magnitude and phase.
Ut, θt Terminal voltage magnitude and phase.
Ug , θg Infinite-bus voltage magnitude and phase.
θp, ωp PLL angular frequency and output angle
I VSC current vector.
Udc DC voltage.
C DC-capacitance.
Xf VSC filter reactance.
Xg Transmission line reactance in AC system.
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R, L Equivalent resistance and inductance of DC cables.
k1, k2 Proportional and integral parameters of the PI

controller in DC voltage control.
k3, k4 Proportional and integral parameters of the PI

controller in a phase-locked loop.
k5, k6 Proportional and integral parameters of the PI

controller in reactive power control.
k7, k8 Proportional and integral parameters of the PI

controller in AC current control.
kd Proportional parameter of DC voltage-droop con-

trol.

Subscripts

1, 2, 3, · · · , N Signals in VSCs from 1 to N .
i Signals in any one of the VSCs.
0 Initial values in a steady-state condition.
d, q d- and q-axis.
p PLL-synchronized reference frame.

I. INTRODUCTION

A large number of multi-terminal direct current (MTDC)
systems have been constructed to integrate and transmit

the wind and photovoltaic power in recent years. The small-
signal stability of such systems is one of the most important
issues, especially when they connect to weak AC grids with
a high proportion of renewable energy [1]–[5]. Interactions
among the VSCs influence the small-signal stability of the
system significantly. Researchers have put a lot of effort
into studying the complex interactions and explaining the
mechanism of the instability.

The most common method to deal with this problem is
the modal analysis method [6]–[9]. Participation factors and
sensitivity methods build the relation between the modes,
states and the parameters. One can know which states and
controllers impact each mode more. It is also possible to
analyze the stability of MTDC systems by impedance analysis
method, in which VSCs are modeled as impedance in AC
and DC sides [10]–[16]. In [17]–[19], the open-loop modal
coupling method is proposed to explain the reason for os-
cillations in MTDC systems. The system is modeled as two
subsystems, and the analysis results indicate that the instability
risk increases when the two subsystems’ modes are close to
each other.

However, the above analysis has certain limitations: (i)
Interactions among the VSCs are not quantified directly and
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analytically. As a result, the available results cannot confirm
whether the interactions between the connected VSCs exist, let
alone explain whether the interactions are good or bad for the
system’s stability. (ii) The mechanism of how control parame-
ters, operation points and topologies of networks influence the
interactions and further affect the stability is unclear. Although
we can obtain some heuristic rules about how the parameters
affect the stability from a large number of experiments, there
is no guarantee that these rules are applicable to any different
cases. Actually, we hope to explore the intrinsic mechanism
from the perspective of the interactions among VSCs.

Recently, an interaction quantification method of the MTDC
system has been proposed in [20]. Interactions among the
VSCs can be quantified by the self-stabilizing coefficient
(SSC) and /or stabilizing coefficient (ESC) in the frequency
domain. However, the method still has some limitations: (i)
The method computes the SSC and ESC based on a signal
flow graph, which is too complicated to be applied to the
general N -terminal HVDC systems, therefore only suitable
for simple three-terminal HVDC systems. (ii) The proposed
stability criterion cannot represent the relation between the
self-/en-stabilizing coefficients and the poles of the system.
(iii) The method did not propose an index to quantify the effect
of the parameters on the interactions and stability. (iv) Weak
AC grid conditions, which are more likely to cause oscillations
in practical situations, are not addressed. The branches of the
reactive power are neglected.

This paper proposes a method to quantify the interactions
among VSCs of the general N -terminal HVDC system con-
nected with weak AC grids. The main contributions are as
follows: (i) We derive explicit formulae of self-/en-stabilizing
coefficients for the general N -terminal HVDC system, which
can quantify different paths of interactions analytically. (ii) We
present a clearer stability criterion that can rigorously explain
the relationship between the self-stabilizing coefficients and
the poles of the system. By using this criterion, we can evaluate
the impact of interactions on system stability through different
paths. (iii) We propose the parameter sensitivity of SSC and
ESC to quantify the influence of a certain parameter on the
stability of the system through different paths of interactions.
The results can reveal more insights into the linear process
of the interactions among VSCs and provide new ideas for
setting and tuning control parameters in MTDC systems.

The rest of the paper is organized as follows. Section II
introduces the small-signal model of the general N -terminal
MTDC system. Section III presents the quantification method
of interactions. The stability criterion and the parameter sen-
sitivity are proposed in Section IV. Case studies are presented
in Section V and conclusions are drawn in Section VI.

II. SMALL-SIGNAL MODEL OF AN MTDC SYSTEM WITH
WEAK AC NETWORK CONNECTION

Consider the N -terminal HVDC system controlled by I-
U DC voltage-droop control, vector control and phase-locked
loop (PLL). In the control scheme, I-U DC voltage-droop
control is designed to balance the active power flow by
controlling the reference DC voltage according to the actual

DC current. DC voltage control (DVC), reactive power control
(RPC) and AC terminal voltage control (TVC) are the outer
loops to manipulate the reference value of d- and q-axis current
in a decoupled manner. AC current control (ACC) is cascaded
to control the d- and q-axis current. All of them are in a PLL-
synchronized reference frame. PI controllers are used in DVC,
PLL, RPC, TVC and ACC.

Interactions among multiple VSCs with the above control
loops in multiple timescales determine the dynamic behavior
of an MTDC system. However, it is very difficult to ana-
lyze the actual scenarios directly without any simplification.
The whole complex problem can be addressed from two
dimensions as shown in Fig. 1. One dimension is different
timescales determined by the dynamic response speed of the
controllers [23], including the DVC timescale (about 10 Hz)
and ACC timescale (about 100 Hz). The other is single VSC
or multiple VSCs. In Fig. 1, the complex interactions among
multiple VSCs in multiple timescales are shown as a cube
(a). Cutting the cube with vertical planes can be divided into
the interactions in the DVC timescale (b) and interactions
in the ACC timescale (c). When focusing on a single VSC
(represented by the horizontal planes in the cube), controllers
in multiple timescales interact with each other as well. ACC
of a VSC affects the dynamics in the DVC timescale of this
VSC first, and then it influences the dynamics of other VSCs
in the DVC timescale through the coupling of DC networks.
This paper focuses on the interactions among VSCs in the
single DVC timescale. We make the following assumptions.

Single VSC

Multiple VSCs

AC current control 

(ACC) timescale

DC Voltage control 

(DVC) timescale

(d) Interactions among

controllers in multiple

timescales in a VSC

(c) Interactions

in ACC  timescale

(a) Interactions among

VSCs in multiple

timescales

(b) Interactions in
DVC  timescale

Fig. 1. Illustration of the entire interaction timescales.

• ACC is assumed to be well designed, which means it is
quick enough that AC currents can track their reference
values instantaneously, and thus the effects of ACC are
neglected.

• The effect of dynamics of the inductors and capacitors
of the filters and the transmission lines in AC grids is
very small. It can be ignored in the DVC timescale since
it usually affects the dynamic performance in the ACC
timescale.

With these assumptions, a small-signal model of the MTDC
system in the DVC timescale is proposed in [24] as shown in
Fig. 2. Di(s) and Gmi(s) represent the equivalent damping
and inertia of the VSC. Gini(s) represents the transfer function
between the active power input and the phase of the internal
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Fig. 2. A small-signal model of an MTDC system in DVC timescale based on the motion equations.

voltage. Gqi(s) represents the transfer function related to
reactive power control. Denote the transfer function from DC
voltage ∆Udci to the phase of internal voltage ∆θi as Gdci(s),
which can be written as:

Gdci(s) =
1 + sDi(s)

sGmi(s)

=
ε0is

4 + +ε1is
3 + ε2is

2 + ε3is+ ε4i

s3
(1)

Specific expressions of Gini(s), Gqi(s) and ε0i ∼ ε4i are
shown in Appendix A.

According to [2], the resistances of the filters and the AC
transmission lines are much smaller than the reactance. The
steady-state error caused by the resistance is very small and
thus, the resistances are neglected in this model. Following the
same arguments, many other papers ignored the resistance in
the AC network [3], [12], [13], [18], [23]. The availability of
the model to describe the dynamic characteristics of a VSC in
DVC timescale has been verified by comparing the eigenvalues
with the detailed model in [20]. This paper aims to propose an
interaction quantification method for the MTDC system. When
dealing with interactions in other timescales or the interactions
in multiple timescales, we can simply consider other suitable
transfer functions.

Two-level VSCs are used in the model. The motivation and
reason that we consider the model of two-level VSC instead
of MMC converters are threefold. Firstly, two-level VSCs
have been widely applied in early HVDC systems [25]–[27],
including Estlink system, Valhall offshore system and Nord E.
ON. 1 system, etc., although most of the DC transmission and
distribution networks constructed use MMC converters now.
Secondly, the dynamic performance of an MMC is similar to

that of a two-level VSC in the DVC timescale concerned. The
difference between an MMC and a two-level VSC includes the
circulating current control, unique modulation strategy (e.g.,
nearest level modulation (NLM)) and discrete capacitors of
sub-modules. They mainly influence the dynamics of an MMC
in the ACC timescale. Thirdly, the main contribution of this
paper is to propose an interaction quantification method for
multi-terminal HVDC systems, in which many researchers use
the two-level VSC model to analyze the stability of a system
with multiple equipment [7], [8], [13], [17], [18].

On the other hand, the MMC model can be derived from a
similar motion equation concept as shown by Fig. 2 although
transfer functions of Di(s), Gmi(s) and Gini(s), etc., are
different from that of the two-level VSC model. In fact, a
small-signal model of an MMC based on the motion equation
concept has been proposed in [28]. However, it cannot be used
to analyze the interactions in DC grids since it ignores the
key active power from other MTDC-linked VSCs in the DC
network. It is worthwhile to propose the MMC model for the
interaction analysis in the MTDC system by combining the
idea of this paper and [28].

I-U DC voltage-droop control, which is a widely accepted
and promising control strategy [1], has little influence on the
protection schemes. To activate the DC breaker, one method
is to measure the DC voltage while measuring the variation
rate of the DC voltage or DC current [21], and the other
is to set the voltage and current limitations [22]. Although
the reference value of DC voltage is not often deliberately
changed in practical MTDC systems, it varies smoothly in a
small range, which the controller can leverage.

For compact representation, denote

∆Pin = [∆Pin1 ∆Pin2 · · · ∆PinN]T
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∆Pout = [∆Pout1 ∆Pout2 · · · ∆PoutN]T

∆Pdc = [∆Pdc1 ∆Pdc2 · · · ∆PdcN]T

∆Udc = [∆Udc1 ∆Udc2 · · · ∆UdcN]T

∆θ = [∆θ1 ∆θ2 · · · ∆θN ]T

∆E = [∆E1 ∆E2 · · · ∆EN ]T

Denote [yij] as the admittance matrix of the DC network.
According to the results in [20], power flow in the DC network
can be described as:

∆Pin = A∆Udc (2)

where each element of the matrix

Aij

{
Idci0 + yiiUdci0, i = j

yijUdci0, i 6= j

In AC grids, the active and reactive power of VSC i can be
derived as: [

∆Pouti

∆Qi

]
=

[
KPθi KPEi

KQθi KQEi

] [
∆θi
∆Ei

]
(3)

where

KPθi =
Ei0Ugi0 cos(θi0 − θgi0)

Xfi +Xgi

KPEi =
Ugi0 sin(θi0 − θgi0)

Xfi +Xgi

KQθi =
Ei0Ugi0 sin(θi0 − θgi0)

Xfi +Xgi

KQEi =
2Ei0 − Ugi0 cos(θi0 − θgi0)

Xfi +Xgi

Based on this small-signal model of the MTDC system
in the DVC timescale, interactions among the VSCs can be
quantified by analytic expressions based on the SSC and ESCs
in the next section.

III. QUANTIFICATION METHOD OF INTERACTIONS

In this section, we will quantify the interactions among the
VSCs of the N -terminal HVDC system by SSC and ESC.
First, we introduce the definition of SSC and ESC, as well as
the principles of decomposing ESC into different terms. Then
we elaborate on how to derive SSC and different terms of
ESCs of the N -terminal HVDC system.

A. Definition of Self-/En-Stabilizing Coefficients

Consider the i-th VSC of an MTDC system. Its dynamic
behavior is not only determined by its dynamic characteristics
but also influenced by other VSCs’ dynamics through the
coupling of the DC network. The unbalanced active power
across the DC capacitor of each VSC is the difference between
the active power input and output. Combining (2)–(3), the
unbalanced active power can be expressed as:

∆Pdci = ∆Pini −∆Pouti

=

(
Aii∆Udci +

∑
j 6=i

Aij∆Udcj

)
− (KPθi∆θi +KPEi∆Ei) (4)

Where the part tagged with black lines refers to the dynam-
ics of itself, and the part tagged with blue lines refers to the
dynamics affected by other VSCs.

As shown in the small-signal model in Fig. 2, ∆Udci is the
interface of VSC i to the DC network. It is related to the
system and the VSCs behind it, and does not respond freely.
So we can replace ∆θi, ∆Ei and ∆Udcj with ∆Udci according
to the transfer functions reflecting the dynamic characteristics
of VSCs. Then, (4) can be rewritten as:

∆Pdci = FSi(s)∆Udci︸ ︷︷ ︸
∆PSi

+FEi(s)∆Udci︸ ︷︷ ︸
∆PEi

(5)

where ∆PSi and ∆PEi represent the unbalanced active power
produced by VSC i and other VSCs. Define FSi(s) as the self-
stabilizing coefficient and FEi(s) as the stabilizing coefficient.
FSi(s) reflects the dynamic characteristics related to VSC i,
and FEi(s) reflects the dynamics of all VSCs except VSC i.
How to derive FSi(s) and FEi(s) is one of the main con-
tributions of this paper, which will be presented in the next
subsection.

Obviously, ESC has high orders. In order to reflect the inter-
actions through different paths, two principles to decompose
ESC into different terms are proposed in [20]. Principle 1 is
the quantity of VSCs participating in the interactions. Principle
2 is the different effects of DC and AC networks. For more
details, please refer to [20].

According to the above definitions and principles, we show
how to compute SSC and different paths of ESC of the general
N -terminal HVDC system in the following subsection.

B. Derivation of the SSC and ESCs of the N-Terminal HVDC
System

In this subsection, we first convert the small-signal model
in Fig. 2 into a multi-input and multi-output (MIMO) system
represented by the transfer function matrix. Then, the SSC and
the overall ESC are derived. Finally, we calculate different
paths of ESCs according to the two principles.
1) MIMO System Represented by Transfer Function Matrix

In an MTDC system, VSCs transmit the active power and
interact with others directly through the DC network. In a
strong AC grid, the active and reactive power are almost
independent of each other because KPEi and KQθi are very
small and can be treated as zero. The reactive power of one
VSC would not affect the dynamics of other VSCs through
the DC network. In a weak AC grid, however, the active
and reactive power couple strongly because KPEi and KQθi

are not small enough to be ignored. The reactive power first
affects the active power on the AC side and then affects
other VSCs through the coupling of the DC network. In
other words, the reactive power of one VSC connected with
a weak AC grid would affect the dynamic performance of
other VSCs although the DC network only transmits the active
power. The parameters related to reactive power such as PLL,
reactive power control or AC terminal voltage control may
play important roles in the interactions among VSCs. Hence,
we need to convert the dynamics of the reactive power and
the magnitude of internal voltage into the dynamics of the
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active power and the phase of internal voltage first. This is
the critical difference between the strong and weak AC grids.

Consider the i-th VSC of the system. Based on the small-
signal model in Fig. 2, the transfer function from the reactive
power to the magnitude of the internal voltage can be writ-
ten as:

∆Ei = Gqi(s)∆Qi (6)

By expanding (3), the active and reactive power flow in AC
networks can be expressed as:

∆Pouti = KPθi∆θi +KPEi∆Ei (7)
∆Qi = KQθi∆θi +KQEi∆Ei (8)

Combining (6)–(8), the relationship between ∆θi and
∆Pouti through the coupling of the AC network can be
written as:

∆Pouti = Hi(s)∆θi (9)

where

Hi(s) = KPθi +
KQθiKPEiGqi(s)

1−KQEiGqi(s)
(10)

Then, we can represent the small-signal model in the form
of the transfer function matrix. The relationship between the
unbalanced active power and the DC voltage of VSCs from
1 ∼ N can be expressed as:

∆Udc = diag

[
1

sC1Udc10
· · · 1

sCNUdcN0

]
·∆Pdc , Γ1(s)∆Pdc (11)

The phase of the internal voltage of VSCs from 1 ∼ N can
be expressed as:

∆θ = diag[Gdc1(s) · · · GdcN(s)]∆Udc

− diag[Gin1(s) · · · GinN(s)]∆Pin

, Γ2(s)∆Udc − Γ3(s)∆Pin (12)

The active power output of VSCs from 1 ∼ N can be
written as:

∆Pout = diag[H1(s) · · · HN (s)]∆θ , Γ4(s)∆θ (13)

By substituting (12) into (13), the active power output can
be expressed as:

∆Pout = Γ4(s)Γ2(s)∆Udc − Γ4(s)Γ3(s)∆Pin (14)

The unbalanced active power can be calculated as:

∆Pdc = ∆Pin −∆Pout (15)

Combining (2), (14)–(15), the unbalanced active power can
be computed by

∆Pdc = L(s)∆Udc (16)

where

L(s) = A+ Γ3(s)Γ4(s)A− Γ2(s)Γ4(s) (17)

Then, the small-signal model in Fig. 2 can be converted into
an MIMO model represented by the transfer function matrix
as shown in Fig. 3(a), where Γ1(s) is the feedforward channel
and L(s) is the feedback channel.

ΔUdc

L(s)

ΔPdc = [ΔPdc1   …   ΔPdcN]T,

ΔUdc = [ΔUdc1   …   ΔUdcN]T.

ΔPdc

Γ1(s)
+

(a)

1/s
1

C1Udc10

ΔUdc1ΔPdc1

ΔPS1
FS1(s)

ΔPE1

iA
FE1(s)

FE1(s)
iB

FE1(s)
UA

FE1(s)
UB

+

+

(b)

Fig. 3. Small-signal model of an MTDC system with SSC and ESCs. (a) An
MIMO model represented by transfer function matrix. (b) The small-signal
model with quantification of the interactions.

2) SSC and the Overall ESC
Based on the model in Fig. 3(a), now we can derive the SSC

and the overall ESC. Suppose that we focus on VSC 1. Since
L(s) consists of the part related to VSC 1 and the part related
to other VSCs, then the feedback channel can be expressed as:

∆Pdc1 = L11(s)∆Udc1 + [L12(s) · · · L1N (s)]

∆Udc2

...
∆UdcN


(18)∆Pdc2

...
∆PdcN

 =

L21(s)
...

LN1(s)

∆Udc1

+

L22(s) · · · L2N (s)
...

. . .
...

LN2(s) · · · LNN (s)


∆Udc2

...
∆UdcN

 (19)

The dynamics of the DC capacitors of VSCs except VSC 1
can be written as:∆Udc2

...
∆UdcN

 =


1

sC2Udc20

. . .
1

sCNUdcN0


∆Pdc2

...
∆PdcN

 (20)

Invert (20) and substitute the result into (19).∆Udc1 can
represent the DC voltage of VSCs 2 ∼ N1 as:∆Udc2

...
∆UdcN

 = [Φij(s)]
−1

L21

...
LN1

∆Udc1 (21)

where
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Φij(s) =

{
sCiUdci0 − Lii(s), i = j

−Lij(s), i 6= j
(22)

After that, substituting (21) into (18), the unbalanced active
power can be computed as:

∆Pdc1 = L11(s)∆Udc1 + [L12(s) · · · L1N (s)]

·

[Φij(s)]
−1

L21(s)
...

LN1(s)


∆Udc1 (23)

According to the definitions of SSC and ESC in (5), SSC
equals to L11(s), and the overall ESC is

FE1(s) = [L12(s) · · · L1N (s)] ·

[Φij(s)]
−1

L21(s)
...

LN1(s)




(24)

Next, we can calculate the different terms of ESCs that
reflect different paths of interaction.
3) Different Terms of ESCs

As mentioned in subsection A, to reflect different paths of
interactions, the overall ESC can be decomposed into different
terms according to the two principles. Based on Principle 1,
i.e., the quantity of VSCs participating in the interactions, the
ESC can be decomposed into single ESC, double ESC, triple
ESC and so on. Based on Principle 2, i.e., different effects
of DC and AC networks, the above items can be decomposed
into one coupled only by the DC network and the other one
coupled by both AC and DC networks. Different paths of ESCs
are computed as follows.

Step 1: Decomposition of the ESC based on Principle 1.
Considering the N -terminal HVDC system, FE1(s) has N−1
types according to the quantity of VSCs participating in the
interactions. For the interactions between VSC 1 and i, a single
ESC can be written as:

F iE1(s) =
Li1(s)L1i(s)

sCiUdci0 − Lii(s)
(25)

For the interactions among VSC i, j and VSC 1, double
ESC can be calculated as:

F ijE1(s) = [L1i(s) L1j(s)]

·

{{[
Φii(s) Φij(s)
Φji(s) Φjj(s)

]}−1 [
Li1(s)
Lj1(s)

]}
− F iE1(s)− F jE1(s) (26)

For the interactions involving the most VSCs, the ESC
among VSCs 2 ∼ N and VSC 1 can be expressed as:

FUE1(s) = FE1(s)

−

(
N∑
i=2

F iE1(s) +

N∑
i=2,j=3,i<j

F ijE1(s) + · · ·

+

N−1∑
l=2

F JlE1(s)

)
(27)

where U = {2, 3, · · · , N}, JlU, JlR1×(N−2), l ∈ {1, 2, · · · ,
N − 1}. The rest of the terms can be calculated in the same
manner.

Step 2: Decomposition of the en-stabilizing coefficient based
on Principle 2. According to the different effects of DC and
AC networks, ESCs can be subdivided into two terms. One is
the interactions coupled only by the DC network, and the other
is the interactions coupled by both DC and AC networks. From
the results in (17), it is obvious that the first term of L(s),
i.e., matrix A, reflects the interactions coupled only by the
DC network. Hence, ESCs coupled only by the DC network
can be computed by

F iAE1 (s) =
L1i(s)Ai1

sCiUdci0 −Aii
(28)

F ijAE1 (s) = [L1i(s) L1j(s)]

·

{{[
Φii(s) Φij(s)
Φji(s) Φjj(s)

]}−1 [
Ai1
Aj1

]}
− F iAE1 (s)− F jAE1 (s),

...

(29)

FUA
E1 (s) = [L12(s) · · · L1N (s)]

[Ψij(s)]
−1

A21

...
AN1




−

(
N∑
i=2

F iAE1 (s) +

N∑
i=2,j=3,i<j

F ijAE1 (s) + · · ·

+

N−1∑
l=2

F JlAE1 (s)

)
(30)

where

Ψij(s) =

{
sCiUdci0 −Aii, i = j

−Aij , i 6= j
(31)

Then, ESCs coupled by both DC and AC networks can be
expressed as:

F iBE1 (s) = F iE1(s)− F iAE1 (s) (32)

F ijBE1 (s) = F ijE1(s)− F ijAE1 (s) (33)

FUB
E1 (s) = FUE1(s)− FUA

E1 (s) (34)

The small-signal model with quantification of the interac-
tions can be depicted in Fig. 3(b).

Thus, different paths of interactions among the VSCs for
the general N -terminal HVDC systems can be quantified
by explicit formulae of self-/en-stabilizing coefficients. These
formulae hold for any N and can be easily computed in current
practical applications, of which N is less than 10. At the
same time, it is still difficult to compute the transfer functions
of large-scale MIMO systems with hundreds and thousands
of equipment. The orders of such systems are so high that
even if the transfer functions of the systems are derived, it
is difficult to solve them numerically. This is the common
challenge of all the analytical methods for stability analysis,
including eigenvalue analysis, impedance analysis, and the net
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damping method. These methods are usually used in small-
scale systems to explore the mechanism and regularity of the
stability.

In the next section, we will discuss the relationship between
the interactions, parameters, and system stability.

IV. STABILITY CRITERION AND PARAMETER SENSITIVITY

In this section, we will present the stability criterion and
parameter sensitivity of the proposed method. Firstly, the rela-
tion between the self-/en-stabilizing coefficients and the poles
of the system is demonstrated to obtain the stability criterion.
Secondly, we propose parameter sensitivity to analyze how the
parameters affect the stability of the system through different
paths of interactions.

A. Stability Criterion of the Method

Now we propose the stability criterion by demonstrating
the relation between the self-/en-stabilizing coefficients and
the poles of the system.

According to Fig. 3(b), the closed-loop transfer function of
the system can be written as:

G(s) =
1

Gden(s)
=

1

sCiUdci0 − (FSi(s) + FEi(s))
(35)

Obviously, the poles of the system can be computed by
Gden(s) = 0. Assume that the conjugated poles closest to the
imaginary axis in the DVC timescale are λi,j = σ0 ± jωd.
Gden(jω) can be expressed as:

Gden(jω) = (jω − λi)(jω + λj)Grest(jω) (36)

where Grest(jω) represents the rest part of Gden(jω).
Grest(jω) = α+ jβ at the oscillation frequency.

Then, the real part and imaginary part of the Gden(jω) can
be calculated as:

Re[Gden(jω)] = −{Re[FSi(jω)] + Re[FEi(jω)]}
= α(−ω2 + σ2

0 + ω2
d) + 2βσ0ω, (37)

Im[Gden(jω)] = β(−ω2 + σ2
0 + ω2

d)− 2ασ0ω (38)

Let Im[Gden(jω)] = 0. The oscillation frequency can be
computed as:

ωs1,2 = −
ασ0 ±

√
α2σ2

0 + β2(σ2
0 + ω2

d)

β
(39)

For a weak damping system, it has σ0 � ωd, so ωs ≈ ωd.
Therefore, the relationship between the real part of the self-

/en-stabilizing coefficients and the conjugated poles λi,j can
be written as:

Re[FSi(jω)] + Re[FEi(jω)] ≈ −2βσ0ωd (40)

Since ωd > 0, we can evaluate the stability of the system
based on the sign of β and Re[FSi(jω)] + Re[FEi(jω)].

According to (38), we can see that β determines the
direction of Im[Gden(jω)] crossing the real axis. If β > 0,
Im[Gden(jω)] crosses the zero point from positive to negative.
Otherwise, Im[Gden(jω)] crosses the zero point from negative
to positive. Then the stability criterion can be described as
follows.

• For β > 0, if Re[FSi(jω)] + Re[FEi(jω)] > 0, then
σ0 < 0. It means when Im[Gden(jω)] crosses the zero
point from positive to negative, if the real part of the
sum of SSC and ESC are positive, the system is stable
with negative poles. Otherwise, the system is unstable.

• For β < 0, if Re[FSi(jω)] + Re[FEi(jω)] < 0, then
σ0 < 0. It means when Im[Gden(jω)] crosses the zero
point from negative to positive, if the real part of the
sum of SSC and ESC is negative, the system is stable
with negative poles. Otherwise, the system is unstable.

Based on this stability criterion, we can evaluate the dif-
ferent effects of the interactions on the stability and explain
which paths of the interactions cause the oscillation. Once the
interactions of a certain system are analyzed using this method,
one can even evaluate the stability of a system with reduced
VSCs by existing results.

B. Parameter Sensitivity of the SSC and ESC

In order to analyze how different parameters influence
different paths of interactions and further affect the system
stability quantitatively, we propose the parameter sensitivity
of this method.

Denote the variation of a controller or operation parameter
as ∆k. Denote the small variation of the real part of SSC and
ESCs at ω = ωd as ∆Re[FH(jω)], where FH(jω) represents
any path of the SSC and ESCs. Set k = k0 at the initial
point. Then, we define the parameter sensitivity of the SSC
and ESCs as:

Sen(k) = lim
∆k→0

∆Re[FH(jω)]

∆k
=
∂Re[FH(jω)]

∂k

∣∣∣∣ω=ωd
k=k0

(41)

By traversing different terms of SSC and ESCs for a
concerned parameter, we can see the effects of this parameter
on the stability through different paths. To be specific, the
larger the absolute value of Sen(k), the greater this parameter
affects the stability through this path. Moreover, combined
with the stability criterion in subsection A, we have the
following inference: (i) For β > 0, if Sen(k) > 0, the system
is more stable as k increases. Otherwise, the system is more
unstable. (ii) For β < 0, if Sen(k) < 0, the system is more
stable as k increases. Otherwise, the system is more unstable.

Case studies to analyze the interactions and the effect of
the parameters on the system stability are presented in the
next section.

V. CASE STUDY

In this section, we will present several examples to show
the effectiveness of the proposed method. First, we compare
the proposed method with the modal analysis method and
analyze how the interactions affect the system’s stability. Then,
we analyze the effect of PLL and short current ratio (SCR)
on the stability through different paths of interactions. A
four-terminal HVDC system shown in Fig. 4 is considered.
Each VSC is connected with a weak AC grid, consisting
of an equivalent reactance and an ideal voltage source. The
voltage sources are considered without dynamics because the
dynamics of one-mass SGs are in electromechanical timescale
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(around 1 Hz), being much slower than the dynamics of
VSCs in DVC timescale. System parameters and common
control parameters are shown in Appendix B. Other specific
parameters will be given in each case.

A. Interaction Analysis and Comparison with Modal Analysis

In the existing body of knowledge, modal analysis is one
of the most common methods for interaction analysis. In this
subsection, we will compare with modal analysis to show the
connotations of interactions obtained by the proposed method.

Consider the system in Fig. 4 with the given parameters in
Appendix B. Set k32 = 5, k42 = 2000, Xg3 = 0.2, P30 =
0.8. Table I lists the results of eigenvalues (except for the real
roots) and participation factors in the DVC timescale. We can
see that DC voltage control and PLL of VSC 2 dominate λ1,2.
However, the results could not solve the following problems
that we are interested in: (i) Which kind of interactions caused
the oscillation? (ii) How did the control parameters influence
the system stability through different paths of interactions?
We will use our proposed method to solve the first problem
in this subsection and solve the second problem in the next
subsection.

Now we present two cases to analyze which paths of the
interactions cause the oscillation.

TABLE I
RESULTS OF MODEL ANALYSIS IN DVC TIMESCALE

λ in the DVC timescale States with participation factors >0.05
λ1,2 2.11±j53.13 ∆Udc2, ∆id2, ∆θp2, ∆ωp2

λ3,4 −4.46±j99.69 ∆Idc1, ∆Idc2, ∆Idc4, ∆Udc1, ∆Udc2,
∆Udc4, ∆θp4, ∆id4

λ5,6 −9.32±j204.71 ∆Idc1, ∆Idc2, ∆Idc4, ∆Udc3, ∆id3
λ7,8 −16.47±j94.69 ∆Idc1, ∆Idc2, ∆Udc1, ∆Udc2, ∆Udc4,

∆θp1, ∆id1, ∆id4
λ9,10 −20.97±j50.67 ∆Udc1, ∆Udc2, ∆θp1, ∆id1, ∆ωp1,

∆θp4, ∆ωp4, ∆θp2, ∆id2, ∆ωp2

λ11,12 −26.74±j37.65 ∆θp1, ∆ωp1, ∆θp3, ∆ωp3,
λ13,14 −31.44±j33.36 ∆Udc3, ∆Udc1, ∆θp1, ∆id1, ∆ωp1,

∆θp4, ∆id4, ∆ωp4, ∆θp3, ∆id3, ∆ωp3

λ15,16 −34.66±j38.84 ∆Idc4, ∆Udc1, ∆θp1, ∆id1, ∆ωp1,
∆θp4, ∆id4, ∆ωp4

Case 1: Consider the system with the same parameters
as modal analysis. When focusing on VSC 1, Fig. 5(a)
shows the frequency characteristics of the real part of SSC
and ESCs through different paths. Note that in most cases
(including the cases in this paper), Im[Gden(jω)] crosses the
zero point from negative to positive, i.e. β <0. The oscillation
frequency is ωd1 = 53.1 rad/s. In Fig. 5(a), Re[F 3A

E1 (s)] and
Re[F 34B

E1 (s)] has the largest two negative values to make the
system stable, while Re[FS1(s)] and Re[F 234B

E1 (s)] have the
largest two positive values to make the system unstable. Since

~

VSC3 

~ ~
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Ug1 Udc1
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Xf4 Xg4

Ug3

Ug4
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Xf2

R1+sL1

R2+sL2 R4+sL4

R3+sL3

Fig. 4. A four-terminal HVDC system connected with weak AC grids.
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Fig. 5. Frequency characteristics of the real part of the SSC and ESCs through different paths in Case 1. (a) Frequency characteristics of SSC and different
paths of ESCs in Case 1. (b) Frequency characteristics of SSC and overall ESC in Case 1.
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Re[FE1(jω)+FS1(jω)] > 0 as shown by Fig. 5(b), the system
is unstable. The results indicate that Re[F 234B

E1 (s)] dominates
the instability of the system. Hence, we should pay more
attention on Re[F 234B

E1 (s)].
Moreover, in Fig. 5(a), we can see that F 2A

E1 (s) = F 2B
E1 (s) =

F 4A
E1 (s) = F 4B

E1 (s) = 0, which means that VSC 2 and 4
do not interact with VSC 1 directly. This phenomenon can
be explained as follows. As the same as Cigre B4 HVDC
benchmark [2], the point of common coupling in the DC
network in Fig. 4 is close to the inverter, i.e., VSC 3.
Therefore, R3 = L3 = 0 p.u.. The admittance matrix of
the DC network [yij ] and matrix A reflecting the power
flow in the DC network can be calculated according to the
system parameters. The results are shown in Appendix C,
where A12 = A14 = A21 = A41 = 0. So we have
∆Pin1 = A11∆Udc1 + A13∆Udc3. It means that ∆Pin1 does
not respond to the variation of ∆Udc2 and ∆Udc4 directly.
When ∆Udc2 or ∆Udc4 varies, ∆Udc3 and ∆Pin3 vary first.
Then, ∆Pin1 and ∆Udc1 change with the variation of ∆Udc3.

We perform the following experiments to prove the correct-
ness of the analysis results further. When VSC 1 connects to
an ideal DC source, the oscillation frequency can be calculated
by Im[Gden(jω)] = 0. The system is stable on this occasion
because Re[FS1(s)] < 0 at ωS = 98.54 rad/s. Then, based on
the results in Fig. 5(a), when VSC 1 is connected to VSC
2, the dynamic performance of VSC 1 would not change
because F 2A

E1 (s) = F 2B
E1 (s) = 0. When VSC 1 connects to

VSC 2 and 3, the oscillation frequency is about 53.5 rad/s.
Since Re[F 3A

E1 (s) + F 3B
E1 (s) + F 23A

E1 (s) + F 23B
E1 (s)] ≈ −3 and

Re[FS1(s)] ≈ 25, the system would be unstable. When VSC 1
connects to VSC 2∼4, we have Re[F 234A

E1 (s) + F 234B
E1 (s)] ≈

9 > 0 and F 4A
E1 (s) = F 4B

E1 (s) = F 24A
E1 (s) = F 24B

E1 (s) = 0 at

ωd1 = 53.1 rad/s. This means that the oscillation will be more
severe due to the positive value of Re[F 234A

E1 (s) +F 234B
E1 (s)].

Time domain simulation obtained from a non-linear detailed
model verifies the results as shown by Fig. 6.

54
1

t (s)

3.5 4.5 5.5

U
d

c1
 (

p
.u

.)

1.06

1.03

1.09
VSC1 VSC1~2 VSC1~3 VSC1~4

Fig. 6. Time domain responses of DC voltage of VSC 1 connected to different
quantities of VSCs.

Case 2: Consider the system in Fig. 4 with k32 = 10, k42 =
2000, Xg3 = 0.8, P30 = 0.8. Fig. 7(a) shows the frequency
characteristics of the real part of SSC and ESCs through dif-
ferent paths. At ωd2 = 62.7 rad/s, we can see that Re[F 3A

E1 (s)],
Re[F 23B

E1 (s)] and Re[F 34B
E1 (s)] are negative to make the system

stable, while Re[FS1(s)] and Re[F 3B
E1 (s)] with the largest

two positive value do harm to the stability of the system.
The system is unstable since Re[FE1(jω) + FS1(jω)] > 0 as
shown by Fig. 7(b). Hence, we should pay more attention on
Re[F 3B

E1 (s)], which dominates the instability of the system.
The correctness of the results in Fig. 7(a) can also be proved.

As in Case 1, VSC 1 is stable when it connects to an ideal DC
source. When it only connects to VSC 3, the system would
be stable since Re[FS1(s) + F 3A

E1 (s) + F 3B
E1 (s)] < 0 at the

calculated oscillation frequency ωS = 58.8 rad/s. When VSC
1 connects to VSC 3 and 4, the system remains stable because
Re[FS1(s) + F 3A

E1 (s) + F 3B
E1 (s) + F 34A

E1 (s) + F 34B
E1 (s)] < 0

and Re[F 4A
E1 (s) + F 4B

E1 (s)] = 0 at ωS = 68.5 rad/s. When
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VSC 1 connects to VSC 2 and 3, the oscillation frequency
is 69.0 rad/s. Since Re[F 23A

E1 (s) + F 23B
E1 (s)] at 69.0 rad/s is

larger than Re[F 34A
E1 (s) +F 34B

E1 (s)] at 68.5 rad/s, the stability
of VSC 1 connected with VSC 2 and 3 would be worse than
the stability of VSC 1 connected with VSC 3 and 4. Moreover,
when VSC 1 connects with VSC 2∼4, the system has the worst
stability performance because Re[FS1(s) + FE1(s)] at ωd2 =
62.7 rad/s is positive with the largest value among the above
situations. The time domain simulation in Fig. 8 verifies the
results.

54
1

t (s)

3.5 4.5 5.5

U
d

c1
 (
p
.u

.) 1.06

1.04

1.08
VSC1 VSC1~2 VSC1~3 VSC1~4

Fig. 8. Time domain responses of DC voltage of VSC 1 connected to different
quantities of VSCs.

B. Effect of Parameters of PLL and SCR.

In this subsection, we will analyze how the parameters of
PLL and the SCR affect the system stability through different
paths of interactions.

First, let us analyze the effect of the parameters of PLL
in VSC 2. Set Xg3 = 0.2, P30 = 0.8. Note that k32 and
k42 appear in the paths related to VSC 2. Set k32 = 10,
k42 = 2000 as the initial point. Table II lists the sensitivity
of different paths of ESCs with respect to k32 and k42. The
results show that Re[F 23B

E1 (s)] and Re[F 234B
E1 (s)] are sensitive

to the variation of k32 and k42. Moreover, since β < 0 and
Re[F 23B

E1 (s)] and Re[F 234B
E1 (s)] decreases with the increase of

k32, the system becomes more stable as k32 increases. Since
Re[F 23B

E1 (s)] and Re[F 234B
E1 (s)] increase with the increase of

k42, the system is more stable as k42 decreases. The results
can be verified by time domain simulation as depicted in
Figs. 9 and 10. Therefore, we should pay much attention
to Re[F 23B

E1 (s)] and Re[F 234B
E1 (s)] when we set or tune the

parameters of PLL in VSC 2.
Next, we analyze how the SCR of AC grid 3 affects the

stability of the system. Set k32 = 10, k42 = 2000. Note that
SCR is determined by Xg3 and P30, which appear in all the
paths related to VSC 3. Set Xg3 = 0.4, P30 = 0.8 as the
initial point. Table III lists the sensitivity of different paths

TABLE II
THE SENSITIVITY OF DIFFERENT PATHS OF ESCS WITH RESPECT TO THE

PARAMETERS OF PLL

Description F 2B
E1 (s) F 23B

E1 (s) F 24B
E1 (s) F 234B

E1 (s)
Sen(k32) 0 −0.3113 0 −0.4842
Sen(k42) 0 0.0075 0 0.0193

54

t (s)

3.5 4.5 5.5

U
d

c1
 (
p

.u
.)

(5,2000) (20,2000)(10,2000)

1.03

1.05

1.07

1.09

Fig. 9. Time domain responses of DC voltage of VSC 1 with different k32
of PLL in VSC 2.

1
54

t (s)

3.5 4.5 5.5

U
d

c1
 (
p

.u
.)

1.06

1.04

1.08

1.12
(10,4000) (10,2000) (10,1000)

Fig. 10. Time domain responses of DC voltage of VSC 1 with different
control parameters of PLL (k42) of VSC 2.

t (s)

Xg3 = 0.8 Xg3 = 0.4 Xg3 = 0.2

3.5 4 4.5 5 5.5

1.07

1.062

1.054U
d

c1
 (

p
.u

.)

Fig. 11. Time domain responses of DC voltage of VSC 1 with different
transmission line reactance of VSC 3.

of ESCs with respect to Xg3 and P30. For Xg3, the results
show that all the paths are sensitive to it. All the real part
of the interaction paths except for F 234B

E1 (s) increases with
the increase of Xg3. This illustrates that different paths of
interactions may have opposite effects on the stability with
the variation of parameters. Since Sen(P30) with respect to
Re[FE1(s)] is positive, the system becomes more unstable with
larger Xg3. The time domain simulation in Fig. 11 verifies
the analysis. For P30, Re[F 3B

E1 (s)] and Re[F 234B
E1 (s)] are more

sensitive to it, and they have an opposite influence on the
stability with the variation of P30. At the same time, the whole
system is more stable with a smaller P30. The time domain
simulation in Fig. 12 verifies the results.
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Fig. 12. Time domain responses of DC voltage of VSC 1 with different
active power of VSC 3.

The analysis above shows the effectiveness of the method
in revealing insights about the interactions. It also provides
a new idea for the setting and tuning of a control parameter.

TABLE III
THE SENSITIVITY OF DIFFERENT PATHS OF ESCS WITH RESPECT TO SCR

Description Re[F 3B
E1 (s)] Re[F 23B

E1 (s)] Re[F 34B
E1 (s)] Re[F 234B

E1 (s)] Re[FE1(s)]
Sen(Xg3)ωd2 = 62.7 15.48 30.65 24.02 −34.07 36.09
Sen(P30)ωd3 = 71.9 −8.23 1.32 3.98 15.01 0.30
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That is, if part of the system changes, it may be possible only
to consider the part of the system related to the concerned
parameters rather than the overall system. We will investigate
this further in the future.

VI. CONCLUSION

This paper has proposed a method to quantify the interac-
tions among VSCs of the N -terminal HVDC system connected
with weak AC grids. We have derived explicit formulae of
the self-/en-stabilizing coefficients of the N -terminal HVDC
system, which can quantify the interactions through different
paths analytically. Then, we presented the stability criterion of
this method by demonstrating the relation between the self-/en-
stabilizing coefficients and the poles of the system. Based on
the criterion, we can evaluate the impact of the interactions on
the stability of the system through different paths. Moreover,
the parameter sensitivity of this method is proposed. It can
help quantify the influence of different parameters on the
system stability through different paths of interactions. We
have given several simulation examples to show the advantages
and effectiveness of our proposed method.

This method can reveal more insights into the linear process
of the interactions among VSCs and provide new ideas for the
setting and tuning of control parameters in MTDC systems. In
future research, it is worthwhile to propose the MMC model
for the interaction analysis, analyze the interactions among
controllers of a single VSC in multiple timescales, and study
the interaction dynamics directly based on a general nonlinear
model.

APPENDIX

A. Specific Expressions of Transfer Functions.

ε0i =
XfiCiUdci0

Ei0(Ei0 − Uti0)

ε1i =
CiUdci0Xfik3i

Ei0 − Uti0
+

(U2
dci0 + kdiPi0)Xfik1i

U2
dci0(Ei0 − Uti0)

ε2i =
CiUdci0Xfik4i

Ei0 − Uti0

+
(U2

dci0 + kdiPi0)(XfiUti0k1ik3i +Xfik2i)

U2
dci0(Ei0 − Uti0)

ε3i =
XfiUti0(U2

dci0 + kdiPi0)(k1ik4i + k2ik3i)

U2
dci0(Ei0 − Uti0)

ε4i =
(U2

dci0 + kdiPi0)XfiUti0k2ik4i

U2
dci0(Ei0 − Uti0)

Gini(s) =
Xfis

2 +XfiEi0k3is+XfiEi0k4i

(Ei0 − Uti0)Ei0s2

+
kdiXfi(k1is+ k2i)(s

2 + Uti0k3is+ Uti0k4i)

Udci0(Ei0 − Uti0)s3

Gqi(s) =
E2
i0Xfi(sk5i + s+ k6i)

(Ei0 − Uti0)Ei0s

B. System and Control Parameters
1) Steady-state Reference Values

Inspecting power Sbase = 1000 MVA. Peak phase voltage
value Ubase = 270 kV. Frequency fbase = 50 Hz. DC voltage
Udcbase = 400 kV

2) Per-unit Values
VSC A P10 = −0.4 p.u., Q10 = 0.5 p.u., Udc10 = 1 p.u.,

Ut10 = 1 p.u., Ug10 = 1 p.u., C1 = 0.05 p.u.,
Xf1 = 0.25 p.u., Xg1 = 0.75 p.u., R1 = 0.4 p.u.,
L1 = 0.01 p.u.

VSC B P20 = −0.3 p.u., Q20 = 0.5 p.u., Udc20 = 1 p.u.,
Ut20 = 1 p.u., Ug20 = 1 p.u., C2 = 0.05 p.u.,
Xf2 = 0.25 p.u., Xg2 = 1.25 p.u., R2 = 0.4 p.u.,
L2 = 0.01 p.u.

VSC C P30 = 0.8 p.u., Q30 = 0.5 p.u., Udc30 = 1 p.u.,
Ut30 = 1 p.u., Ug30 = 1 p.u., C3 = 0.05 p.u.,
Xf3 = 0.25 p.u., R3 = 0 p.u., L3 = 0 p.u.

VSC D P40 = −0.1 p.u., Q40 = 0.5 p.u., Udc40 = 1 p.u.,
Ut40 = 1 p.u., Ug40 = 1 p.u., C4 = 0.05 p.u.,
Xf4 = 0.25 p.u., Xg4 = 3.25 p.u., R4 = 0.4 p.u.,
L4 = 0.01 p.u.

3) Common Control Parameters
DVC k11 = 2.39, k12 = 1.5, k13 = k14 = 2,

k21 = 113.7, k22 = k23 = k24 = 110.
PLL control k31 = k33 = k34 = 50, k41 = k43 = k44 =

2000.
Droop control kd1 = kd2 = kd4 = 1.5, kd3 = 2.
ACC k71 = k72 = k73 = k8 = 0.6,

k81 = k81 = k83 = k84 = 640.

C. Specific Expressions of [yij] and A in the Case Studies

[yij ] =


− 1
L1s+R1

0 1
L1s+R1

0

0 − 1
L2s+R2

1
L2s+R2

0
1
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1
L2s+R2

− 1
L1s+R1

− 1
L2s+R2

− 1
L4s+R4

1
L4s+R4

0 0 1
L4s+R4

− 1
L4s+R4


A =


Idc10 − Udc10

L1s+R1
0 Udc10

L1s+R1
0

0 Idc20 − Udc20

L2s+R2
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L2s+R2
0
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Idc30 − Udc30
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